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CHAPTER 1

Introduction

1.1 Who is this course for?

This course is the material I would have liked to find when I started getting interested in generative
models (back in 2017).

For people with an engineering background, exploring the Machine Learning literature can feel
intimidating. Algebra, calculus, statistics, etc., are subjects taught in the first years of a bachelor's
degree, and their details tend to be forgotten if you don't keep practicing them in later years. As
a result, concepts like ELBO optimization, density transformation, or optimal transport can seem
harder than they actually are.

This course is aimed at anyone who identifies with this situation, has at least a minimal technical
background, and, above all, is interested in understanding at a lower level how these models work. My
goal is to walk you through learning the underlying concepts while also enabling you use them from
a practical standpoint. That's why, in every chapter, you'll find code to reinforce your understanding
of the explanations and to let you experiment on your own.

Before we start, two things to clarify:

1. If you're looking for material that goes deep into statistics, calculus, or probability, this isn't the
place. On the internet you can find plenty of high-quality content better than these notes.

2. I've tried to keep a visually appealing aesthetic so this is a resource you'll want to come back to,
but it's important to note that understanding and consolidating knowledge takes time.

”Learning is not supposed to be fun. It doesn't have to be actively not fun either, but the primary
feeling should be that of effort.” — Andrej Karpathy


https://x.com/karpathy/status/1756380066580455557

1.2 Generative Al
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Figure 1.1. Overview of generative Al

As you can see in the figure, within the broader landscape of artificial intelligence, generative Al
covers methods and techniques capable of generating new data samples.

From a probabilistic point of view, we fit a model to the training distribution pg,,(z) and then
sample from the learned distribution py(x).
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Figure 1.2. A generative model learns the distribution of pangolin images to
create new samples

This process applies to a variety of domains. Below are some examples you're probably already
familiar with.

1.2.1 Image generation

Nano Banana (Google), GPT Image 2 (OpenAl), DALL - E, Stable Diffusion, Adobe Firefly, Mid-
journey, FLUX...

Note

The illustrations in this course were generated with GPT Image 2.


https://developers.openai.com/api/docs/models/gpt-image-2

Figure 1.3. Examples of image generation

1.2.2 Text / code generation
ChatGPT, Claude, Gemini, Grok, Mixtral...
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Figure 1.4. Example of text generation and editing assisted by Notion Al

1.2.3 Audio generation
Suno, ElevenLabs, WaveNet, VALL-E, Stable Audio, Udio...
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Figure 1.5. Suno interface for generating music from a text description

1.3 Conditional generative models

We generally want to control what gets generated. That's why conditional generative models are
used, in the form p(z | ¢). Some examples:

c = text, r = image: a text-to-image model. Example: Nano Banana.

c = image, x = text: an image-to-text model. Example: give ChatGPT an image and ask it to
describe it.

¢ = image, x = image: an image-to-image model. Example: image editing in Adobe Firefly.
¢ = audio, x = text: a speech-to-text model. Example: Whisper, or any voice dictation.

c = text, x = audio: a text-to-speech model. Example: ElevenLabs TTS.

¢ = text, * = text: a sequence-to-sequence model. Example: translators (text generation
models would also fall under this category).


https://firefly.adobe.com/
https://elevenlabs.io/app/speech-synthesis/text-to-speech

1.4 Other applications

The nice thing about modeling a distribution is that it doesn't just let you generate data, but a lot
of other things too.

1.4.1 Density estimation

This consists of evaluating the density that the model assigns to a data sample, i.e., computing
p(x). This is useful for problems such as data compression, anomaly detection, classification, model
comparison, etc.

The simplest approach to density estimation is to use kernel density estimation or KDE.
However, KDE runs into limitations in high-dimensional spaces (the curse of dimensionality), where
the density of the data becomes extremely sparse.

Modern generative networks mitigate this limitation by learning compact, complex representations
that make it possible to estimate or model density in a much more efficient and scalable way for
high-dimensional data such as images, audio, or text.

1.4.2 Data imputation

This consists of "filling in” missing values in a data vector or matrix. For example, a simple way to
fill in missing data in tabular data is to use the mean value of each column (mean imputation).

We can generalize this by learning a joint model over all the variables and, for each incomplete
record, sampling the missing values X, conditioned on the observed ones X,: py(X,, | X,). This is
called multiple imputation.
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Figure 1.6. Missing variables are sampled conditioned on the observed variables


https://mathisonian.github.io/kde/
https://en.wikipedia.org/wiki/Curse_of_dimensionality

A generative model can be used to fill in more complex types of data, such as masked pixels in an
image.

1.4.3 Representation learning

Some types of generative models have latent variables z, which can be understood as the causes that
generated the observed data z. These variables generally reduce the dimensionality of the data and
make it possible to discover patterns / useful representations.
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Figure 1.7. An encoder transforms observations into useful latent
representations

1.4.4 Interpolation in the latent space

The latent space is where the latent variables live. It can be understood as the space into which
models compress the data.

One of the most interesting capabilities of certain latent-variable models is the ability to generate
samples with certain desired properties by interpolating between existing data points in the latent
space.

In the following example we reduce the latent space to two dimensions: each chair is a point on a
plane. We pick four samples and interpolate their coordinates. Decoding the intermediate points
gives us representations that combine properties of the selected samples.


https://projector.tensorflow.org/

Figure 1.8. Interpolation between four points in a latent space of chairs and
their decodings

1.4.5 Data compression

Models that can assign high probability to frequently occurring data and low probability to rare
data can be used for data compression, since they can assign shorter codes to the most common
elements. Compression is a beautiful field that overlaps directly with Information Theory. We'll
cover some of this in the Variational Autoencoders chapter.

Note

Claude's name comes from Claude Shannon, author of the modern formulation of Information
Theory.

1.5 Timeline

This timeline brings together a selection of particularly influential works in the evolution of generative
models. Don't worry if you don't understand what they're about right now — it's a reference you
can come back to later.

We'll also cover foundational models. However, the literature is much broader than that, so
I've decided to include here works related to generative models, along with some architectures and
training techniques (such as CLIP, LoRA, RLHF, or DPO) that, while not generative themselves,
have been key to their evolution.



On the web

The interactive timeline of generative models is available in the web version of the course.
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CHAPTER 2

Probabilistic Machine Learning

There are many types of generative models. At a high level we can distinguish between:

= Probabilistic Graphical Models (PGM): they represent, by means of a graph, the proba-
bilistic relationships between observed (and/or latent) variables, showing how a joint distribution
decomposes and what conditional independences exist between them.

= Deep Generative Models (DGM): they use deep neural networks to model or generate data
distributions. Some incorporate latent variables z, although this is not a requirement common to
all families.

Of course, many hybrids are possible. From here on we'll focus on DGMs.

The main types of DGM are variational autoencoders (VAE), generative adversarial
networks (GAN), autoregressive models (ARM), flow-based models and diffusion models.

These models can be classified according to the following criteria:

= Density: models that can estimate the probability density function p(z). For example, GANs
model the data distribution implicitly, so they cannot.

= Sampling: models that can generate new samples from the modeled distribution. Models like
VAEs and GANs allow fast sampling. However, ARMs, diffusion models or normalizing flows are
(generally) slow to sample from.

= Training: what kind of method is used to estimate the parameters? For some models (like ARM
and flows), an exact maximum likelihood estimation (MLE) can be performed. For other models
it isn't so simple. For example, in the case of VAEs a lower bound on the likelihood is maximized.

= Latents: does the model use a latent vector z to generate 7 And, if so, does it have the same size
as x or is it a compressed representation? For example, ARMs don't use latent representations;
flows and diffusion do, but they aren't compressed representations.

= Architecture: what kind of neural network can be used? Are there any restrictions? In the
case of flows, for example, only invertible neural networks can be used, where each layer has a
tractable Jacobian.

Here's a brief summary of how the main models work. If this is the first time you're seeing this
diagram, don't worry if you don't understand it yet. I recommend coming back to it as we move

11
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In the coming chapters we'll make use of probabilistic notation. If it's something you already
know well, you can skip straight to the first chapter. If not, in the rest of this article we'll do a quick
review of probability.

2.1 Probability

There are two different interpretations of probability:

Frequentist: probabilities represent frequencies of events that can occur multiple times.

Example: the probability of rolling a 6 if you roll a die 600 times. We expect the number 6 to
come up approximately 100 times. It's assumed that conditions are stable and that, if you repeat
the experiment many times, the result will converge toward a fixed frequency (in this case 1/6).

Bayesian: probability is used to quantify uncertainty/ignorance about something. The Bayesian
interpretation can be used to model uncertainty about one-off events that don't have long-run

12



frequencies.

Example: say we want to calculate the probability that the polar ice cap will melt in 2030. This
event will either happen or not, but it can't happen repeatedly. Nevertheless, we should be able
to quantify our uncertainty about this event.

From here on we'll adopt the Bayesian interpretation. Fortunately, the basic rules of probability
theory are the same regardless of which interpretation is adopted.

Types of uncertainty

Uncertainty in predictions can fundamentally arise for two reasons:

= Aleatoric uncertainty. Arises from the intrinsic variability of the data.
Example: flipping a coin in a uniform way. You can measure the force with which you flip it, air
resistance, gravity, etc., but there will always be uncontrollable microscopic fluctuations. It's not
reduced with more data or better models.

= Epistemic uncertainty. Arises from our ignorance or lack of information about a system that,
in theory, is deterministic (if we had all the information, we could know the outcome).
Example: predicting whether a patient has a disease based on an initial symptom. The patient
either has the disease or doesn't. It's not a matter of chance, it's a matter of data. It's reduced
by collecting more data (biopsies, scans, etc.).

2.2 Basic rules

2.2.1 Probability of an event

We define an event A as a state that either holds or doesn't. For example, A can be the event it
will rain tomorrow” or ”it rained yesterday”. The expression Pr(A) denotes the probability with
which the event A is believed to be true. We require 0 < Pr(A) < 1, where Pr(A) = 0 means the
event won't occur and Pr(A) = 1 means it will.

2.2.2 Random variables

Suppose X represents some unknown quantity, like the face a die will land on when rolled. If the
value of X is unknown and/or can change, we call it a random variable. The set of possible values,
denoted X, is known as the sample space or state space. An event is a set of outcomes from a
given sample space.

For example, if X represents the face of a die, X' = {1,2,...,6}. The event "seeing a 1” is denoted
X =1, the event "seeing an odd number” is denoted X € {1,3,5}, the event "seeing a number
between 1 and 3” is denoted 1 < X < 3, etc.

13



2.2.3 Discrete random variables

If the sample space X is countable (finite or countably infinite), X is called a discrete random
variable. Example: rolling a die, the number of customers entering a store, the number of heads in 5
coin flips...

The function that describes the probability distribution of discrete random variables is called the
probability mass function or pmf:

p(z) =Pr(X = =),

where z is a possible value within the sample space.

2.2.4 Continuous random variables

If X € R, it's called a continuous random variable. Example: time, weight, temperature...

In this case, you can't create a finite set of the different possible values the variable can take.
However, they can be divided into different intervals.

Here, unlike the PMF, which tells us the probability of an exact value occurring, we use the
cumulative distribution function or cdf, which tells us the probability of that value or any
smaller one occurring:

P(z) =Pr(X <x)

Note that an uppercase P is used to represent the cdf.
Using this, we can calculate the probability of being within any interval:

Pr(a < X <b)=P(b) — P(a)

The function that describes the probability distribution of continuous random variables is called
the probability density function or pdf, which coincides with the derivative of the cdf:

d

= %P(z)

p(z)

= The PMF (discrete) measures "bars” (exact points).
# The PDF (continuous) measures “areas” (intervals).

Given a pdf, we can calculate the probability that a continuous variable falls within a finite
interval as:

b
Pr(a < X <b) = / p(z)dz = P(b) — P(a)

Example: Waiting time at a bus stop

Imagine the waiting time (in minutes) for the bus follows a uniform distribution between 0 and 10
minutes. Its PDF is constant: p(z) = 1/10 for 0 < < 10, and 0 otherwise. If we want to know the
probability that the bus arrives between minute 2 and minute 5, Pr(2 < X < 5), we use the integral
of the PDF:

14
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Therefore, there is a 30% probability that the bus arrives within that time interval.

2.2.5 Statistics

= Mean (u): arithmetic average, represents the value you would get if you could distribute the
total of the data equally among all the elements.

= Variance (0?): a measure of the spread of a distribution, it measures how far, on average, the
values deviate from the mean. Since it squares the differences, its units are also squared (for
example, if you measure in meters, the variance will be in square meters).

= Standard deviation (¢): the square root of the variance. It fixes the ”"problem” with the
variance. It gives an idea of how far the data deviates from the average in the original units.

2.3 Bayesian inference

The term "inference” refers to the act of generalizing from sample data, usually with some degree of
confidence. The term "Bayesian” is used to refer to inference methods that represent that confidence
using probability theory and Bayes' theorem.

Bayes' theorem is a formula for calculating the probability distribution over possible values of an
unknown quantity H given observed data Y:

p(Y | H)p(H)
p(Y)

u p(H) represents what is known about the possible values of H before seeing any data; this is the
prior distribution.

p(H|Y) =

u p(Y | H) represents the distribution over the possible outcomes Y we expect to see given H; this
is the observation distribution.

= If we fix it at the value Y = y corresponding to the actual observations, but treat it as a function
of H (rather than of Y), we get the likelihood function, £(H) =p(Y =y | H).

Multiplying the prior distribution p(H) by the likelihood function p(Y | H) for each h gives the
unnormalized joint distribution p(H,Y"). It can be turned into a normalized distribution by
dividing by p(Y"), which is known as the marginal likelihood (we'll see this later).

By normalizing the joint distribution, we get the posterior distribution, p(H | Y), which
represents what is known about the distribution after seeing evidence. In other words:

15



posterior o prior x likelihood

Example: test for a rare disease
Imagine you want to know whether a patient has a rare disease (Hypothesis H) that affects only
1% of the population.
1. Prior distribution, p(H): before taking the test, the probability that the patient is sick is 0.01.
2. Likelihood, p(Y | H): the sensitivity is p(Y = pos | H = sick) = 0,99 and the false positive rate
is p(Y = pos | H = healthy) = 0,05.
3. Posterior distribution, p(H | Y): once a positive result is observed, we want to calculate the
probability that the patient is actually sick.

You might confuse the 99% sensitivity with the probability of being sick after a positive result.
However, applying Bayes' theorem we get:
p(Y = pos | H = sick) - p(H = sick)

H =sick | Y = pos) =
ol Y = pos) Fia—.

Where:

= Prior p(H = sick) = 0.01 (only 1% of the population is sick).
= Likelihood p(Y = pos | H = sick) = 0.99 (the test detects 99% of sick people).
= False positives p(Y = pos | H = healthy) = 0.05 (the test is wrong for 5% of healthy people).

Step 1: Calculate the total probability of a positive result p(Y = pos)
A positive can be a true positive (sick person who tests positive) or a false positive (healthy
person who tests positive):

p(Y = pos) = (Sensitivity x Prevalence) + (False positive rate x Healthy population)
p(Y = pos) = (0.99 x 0.01) + (0.05 x 0.99)

p(Y = pos) = 0.0099 + 0.0495 = 0.0594

Step 2: Calculate the Posterior
Now we substitute into Bayes' formula:
0.99-0.01
H =sick | Y =pos) = ——— ~ 0.166
P Y =pos) = =G50

Conclusion: Although the test has a sensitivity of 99%, the probability that the patient is sick
after testing positive is approximately 16.7%. The low prevalence (the prior) "pulls” the result down
very strongly. The number of healthy people in the population is so large that the 5% false positive
rate outnumbers the true positives. This example shows that, in Bayesian inference, the observed
data isn't the only thing that determines reality; our initial belief about how rare the event is plays
a fundamental role.

16



Note

One challenge of the Bayesian approach is specifying a suitable prior distribution. There are different
approaches such as conjugate priors, informative priors, hierarchical or empirical ones. We'll mainly

use simple priors.

2.4 Probability distributions

There is a wide variety of probability distributions used for different types of models. At this link
you can explore some of the most commonly used ones interactively.

A generative model learns a distribution over the data, p(x) for x € X, or a joint distribution
p(x,y) when several variables are involved. In the following chapters we'll see different ways of

representing, approximating and sampling from it.

17
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CHAPTER 3

GAN Networks

Chapter code: github.com/NahuelCostaCortez/generative-networks

”The most interesting idea in the last 20 years in Machine Learning” [Yann LeCun, 2016/

Until the arrival of Transformers and diffusion models, Generative Adversarial Networks®
had broadly impacted the generative landscape, showing great advances in many tasks such as image
generation, natural language, and music.

Back in the day, websites like thispersondoesnotexist and its variants became famous. Today we
are used to seeing realistic Al-generated images, but back then it was surprising to think that those
faces did not correspond to real people, but had instead been generated by a model.

Nowadays, GANs are no longer the default option for many generation tasks, but they remain
useful in specific niches, when fast sampling or translation between domains is needed.

They are inspired by game theory: two models, a generator and a discriminator, compete
while also improving each other.

19
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3.1 Architecture
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Figure 3.2. Architecture of a GAN

= Generator network: receives as input a vector of random numbers or Gaussian noise (which is
why it is sometimes denoted z), from which it generates data.

= Discriminator network: it has to identify whether the data it receives is real (part of the
training set) or fake (generated by the generator network).

Playground

3.2 Explanation

The discriminator's task is to differentiate whether the samples it receives correspond to the training
data distribution ('real' data) or whether, on the contrary, they are samples generated by the
generator ('fake' data). The generator's objective, therefore, is to produce samples that are as
realistic as possible in order to try to fool the discriminator.

At the beginning of training, neither network is good at its task. The generator produces blurry,
incoherent images, and the discriminator is not good at telling real data from fake data apart.

However, as training progresses, the generator produces better examples to try to fool the
discriminator, and the discriminator, by seeing more real data, learns to tell it apart from generated
data, so the two enter a zero-sum game.

21


https://poloclub.github.io/ganlab/

Note

At the ideal equilibrium, the generated distribution matches the real distribution, p;, = py,,, and the
discriminator assigns D(z) = 1/2 to any sample. At that point it can no longer distinguish between
real and generated data, so neither network can improve unilaterally.

Normally, after training the discriminator is discarded, since the main interest lies in data
generation. However, the discriminator is a good binary classifier that could be used for other tasks.

3.3 Applications

The most studied and popularly known application area is image generation. Here are some
applications:

= Conditional image generation: for example, BigGAN* can generate ImageNet samples
conditioned on a specific class. StyleGAN® is capable of generating high-resolution face images
and introduces a style-based architecture that allows interpolation in the latent space and control
of characteristics at different scales, such as overall face geometry, hairstyle, or texture.

= Paired image-to-image generation: data in the form (z,,,y,,) can be used to build conditional
generative models p(x | y). In some cases, the conditioning variable y has the same dimension
as the output variable x. Thus, a model can be used to perform image-to-image translation, a
process where an image is generated conditioned on the style of another. An example of this
would be colorization, where the model takes a black-and-white photo and ”fills in” the colors
based on the patterns it has learned, or segmentation, where the model converts a color-label
scheme (like a map where each color is an object) into a realistic photograph that exactly respects
those shapes.

= Unpaired image-to-image generation: one limitation of conditional GANs is the difficulty of
collecting paired data. It is much easier to collect unpaired data, for example, a set of daytime
images D, and a set of nighttime images D,. We assume that the sets D, and D, come from
the marginal distributions p(z) and p(y) respectively. Since these marginal distributions do
not by themselves determine a unique correspondence between the two domains, models like
CycleGAN learn transformations in both directions and introduce additional constraints, such as
cycle consistency. This is called unsupervised domain translation and has applications such
as style transfer.
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https://openaccess.thecvf.com/content_cvpr_2017/papers/Isola_Image-To-Image_Translation_With_CVPR_2017_paper.pdf
https://openaccess.thecvf.com/content_ICCV_2017/papers/Zhu_Unpaired_Image-To-Image_Translation_ICCV_2017_paper.pdf

Figure 3.3. From left to right: original GAN (2014), DCGAN (2015),
CoupledGAN (2016), ProgressiveGAN (2017), BigGAN (2018). Source.

Applications in other domains

= Video generation: spatio-temporal coherence is obtained by ensuring that the discriminator
has access to real data and to the generated sequences in order, thereby penalizing the generator
when it generates individually realistic frames without respecting temporal order.

= Audio generation: GAN architectures have been developed to replicate instruments with
GANSynth", to convert voices’, and to directly generate waveforms with WaveGAN®.

= Text generation: there are several text-data tasks for which GAN-based approaches have
been developed, such as conditional text generation and text style transfer. Text data is usually
represented as discrete values (at the character or word level), indicating membership in a set of
a given vocabulary.

= Domain adaptation: an important task in machine learning is correcting shifts in data
distribution, since in many cases the distribution on which the model is evaluated at inference
time is not exactly the same as the training data distribution. In general, the image generation
approaches mentioned focus on pixel-level adaptations, such as pix2pix”’. However, extensions of
these approaches to the general domain adaptation problem seek to do so not only in the observed
data space, but also at the feature level.

3.4 Loss function

On one hand, we want the discriminator to become an expert at identifying what is real and what is
fake:

= Identifying the real: We maximize [, [log D(z)], forcing the discriminator to assign a proba-
bility close to 1 to any data coming from the real set.
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Identifying the fake: We maximize E,_, [log(1 — D(G(2)))], forcing the discriminator to assign
a probability close to 0 to any data generated by G.

On the other hand, the generator is trained to increase its chances of producing a high probability
for a fake example, thus minimizing £, , [log(1 — D(G(2)))].

What is E and why use log?

The symbol E means Mathematical Expectation (or expected value). It is simply an average.
When we write £, [...], we are just saying: ”Calculate the average of [...] for the data x that
comes from distribution r”.

Small probabilities are often multiplied together, and multiplying very small numbers (e.g.
0.0001 x 0.0001) makes the result tend toward zero. The logarithm turns those multiplications
into sums (e.g.: log(a - b) = log(a) + log(b)), which makes the calculations much more stable.

In the case of GANS, if the discriminator is very confident about something but is wrong (for
example, it says a fake datum is 99% real), the logarithm of a number close to zero (log(1—0.99) in
this case) is a very large negative number. This forces the network to correct its error immediately.

By combining both parts, we are playing a 'minimax' game in which we must optimize the
following loss function:

minmax L(D,G) = E,, (, log D(&)] + E..,, , log(1 ~ D(G(=)))]
= [EwNZ?,.(:L’) [IOg D(l‘)] + [E:r~pg(:z:) [log(l - D(CL’))]

Note

In practice, minimizing £, , [log(1 — D(G(2)))] can produce very small gradients when the discrim-
inator confidently identifies fake samples. For this reason, the generator is normally trained by
maximizing:

E..,.[log D(G(2))]

This loss has the same equilibrium point, but provides more useful gradients early in training.

3.5 Limitations

Although GANs have shown great success in generating realistic images, their training can be slow
and unstable.

Each model updates its cost independently without taking the other "player” into account. The
simultaneous gradient update of both models does not guarantee convergence. This can sometimes
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lead to mode collapse. During training, the generator can collapse into a configuration in which it
always produces the same outputs. Even though the generator may be able to fool the discriminator,
it fails to learn to represent the complex real-world data distribution and gets stuck in a small space
with extremely low variety.

Training a GAN faces a dilemma:

= If the discriminator is not good, the feedback the generator receives is not good either, and as a
result the loss function does not represent reality (causing the generator to fail to properly model
the real data distribution).

= If the discriminator is very good, the gradient of the loss function drops close to zero and learning
becomes slow or even gets stuck (vanishing gradient).

Heads-up

This dilemma can make training GANs very difficult. To mitigate these difficulties, there are methods
that make this process simpler?.
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CHAPTER 4

Variational Autoencoders

Chapter code: github.com/NahuelCostaCortez/generative-networks

Before delving into variational autoencoders, let's do a brief review of autoencoders.

4.1 Autoencoders

Autoencoders are a family of neural networks whose goal is to learn a simplified representation of
the input data.

Their operation is based on compressing and reconstructing data. They generally consist of
two networks:

1. An Encoder g(-) that compresses the input data x into a lower-dimensional space, known as the
latent space, z = g,(z).
2. A Decoder f(-) that reconstructs the data from the latent space, =’ = fy(g4(7)).

The parameters of each network (¢, #) are optimized jointly so that the reconstructions are as
similar as possible to the original data, x ~ fy(g,()).
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Figure 4.1. Source: miamiamia0103

The idea originated in the 1980s and was taken up again, among other works, by Hinton and
Salakhutdinov'® in 2006. Today it has direct applications in tasks such as anomaly detection,
manifold learning, compression, or data generation.

The loss function of a conventional autoencoder measures how well the model can reconstruct the
original input once the data has been compressed into the latent space. Therefore, the goal is for the
output Z to be as similar as possible to the input z. The choice of error function depends mainly on
the nature of the input data.

= Mean Squared Error (MSE)
This is the most commonly used loss function for continuous data (for example, images or time
series).
The goal is to minimize the squared difference between the original input x and the reconstructed
output :
MSE = % Z?Zl(wi —;)°

= Binary Cross Entropy
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This is used when the input data is normalized in the range [0, 1] and interpreted as probabilities,
or when the data is binary. It is very common in autoencoders where the output layer has a
sigmoid activation function.

BCOE = —£ 3" [x;log(;) + (1 — z;) log(1 — Z;)]

n i=1

There are many variants of autoencoders, such as Denoising Autoencoders'!, Sparse Autoen-
coders'?, or Contractive Autoencoders'®. From here on we will focus on Variational AutoEncoders
(VAE)!" for their generative properties.

4.2 VAE

Conventional autoencoders map inputs to a fixed set of vectors. This means that if you sample a
point in the latent space where no representation exists, the output will be unrealistic because the
decoder doesn't know how to reconstruct an input from an empty region.

The novelty that VAEs introduce is that instead of mapping data to fixed vectors,
they are mapped to a distribution.

Together with regularization towards a common prior, this favors a latent space that is continuous
and structured. Therefore, you can choose a point z that doesn't correspond exactly to the projection
of any training data, pass it through the decoder, and obtain a new, coherent sample xz. That is,
generating data in the form z — x.

This is precisely a generative model of latent variables.
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Figure 4.2. Comparison between an irregular latent space and a continuous,
regularized one

The relationship between the input data = and the latent vector z is given by:

= Prior: p(z)
= Likelihood: py(z | 2)

= Posterior: py(z | )

The distribution of the data can then be modeled as:
po(@) = [ polie| 2ol dz

Unfortunately, py(x) is not easy to compute, since it is very costly to check and sum over all
possible values of z (it is usually called 'intractable'). To solve this problem, VAEs resort to
variational inference. Precisely, variational inference is one of the most widely used methods in
Bayesian inference and is used to approximate intractable integrals. In other words, it is a technique
used to approximate complex distributions.

The complex distribution we want to approximate is the posterior p,y(z | ). To do this, a family of
simple distributions q¢(z | ) is assumed, and the approximation is posed as an optimization problem
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in which we search within g, for the distribution that best approximates the target distribution. ¢
denotes the parameters of the chosen family of distributions.

In this way, we introduce:

An encoder g, (z | z) that approximates the posterior py(z | )
A decoder that models the conditional probability py(x | 2).

INPUT | €—-mommmmemee - IDEALLY THEY ARE IDENTICAL. _________ | RECONSTRUCTED
e gt INPUT
PROBABILISTIC ENCODER
q4(z(x)
MEAN [ SAMPLED
e LATENT VECTOR
i T PROBABILISTIC ;
X — DECODER [—»| X
: Po(x|2)
o .
STD. DEV /\
AN COMPRESSED LOW
Z=u+0o00E€ DIMENSIONAL REPRESENTATION
- N(O I) OF THE INPUT.
)

Figure 4.3. A VAE's encoder produces a mean and a variance to sample the

latent variable

Note

During training we use backpropagation, but here we need to sample from the encoder's parameters
¢ to obtain z. The obstacle is that random operations cannot be differentiated.

The solution to this problem is the reparametrization trick. Instead of having the network
directly generate the random value z, the process is split into two parts:
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1. The predictable part (the network): The encoder learns the mean g and standard deviation o
in a deterministic and differentiable way.

2. The random part (¢): An external noise source independent of the network's weights is introduced,
following a standard Gaussian distribution € ~ N (0, I).

Once the network and the randomness are separated, they are simply combined with:

z=py(r) +o,(z) Oc

In this way, the randomness stays confined exclusively to €, and since it is an external variable
fixed during the computation, the network doesn't need to learn how to differentiate it.

4.2.1 Loss function: ELBO

The distribution estimated by the encoder, g4(2 | x), must approximate the true posterior py(2 | x).
To quantify the distance between these two distributions, the Kullback—Leibler divergence is
used, Dy, (Y] X), which measures how much information is lost if distribution X is used to represent
Y.

In this case we want to minimize Dy, (q,(z | 7)|lpy(2 | 2)) with respect to ¢.

Using Bayes' theorem, this can be rewritten as:

Dyr(gy(z [ 2) [ po(z [ 7)) = logpg(2) = By, (21 [log (2 | 2)] + Dy, (44 (2 [ 2) [ p(2))

u The first term is the log-likelihood of the data, which we want to maximize.

= The second term is the expected log-likelihood of the data under the posterior approximated by
the encoder.

# The third term is the KL divergence between the approximated posterior and the prior.

Combining these terms, we can define the loss function of a VAE as:
Lrrpoll, ¢;z) = [Eq¢(z|a:) [logpg(z | 2)] — DKL(Q¢('Z | z) [ p(2)),

known as the Evidence Lower Bound (ELBO).

® The first term is the reconstruction of x, which tends to make the encoding-decoding scheme as
efficient as possible by maximizing the log-likelihood log py(« | z) with sampling from ¢, (z | x)
(encoder).

# The second term regularizes the latent variables z by minimizing the KL divergence between
the variational approximation (encoder) and the prior distribution of z. Normally, the family of
simple distributions g, we choose is a diagonal Gaussian. Therefore, when you pass an input
through the encoder, it returns the values of 1 and o for that specific input.

The ELBO is maximized; when we talk about the loss function we minimize its negative,
—4<ELBO-
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4.2.2 Applications

The applications of VAEs are countless. Some examples beyond image generation are text modeling!®,
anomaly detection, remaining useful life estimation of industrial systems'%, arrhythmia classification'”,

or molecular design'®.

4.2.3 Posterior collapse

VAEs are known to be susceptible to posterior collapse. This is a problem that refers to the
situation in which the posterior approximated by the encoder collapses onto the prior. That is, the
encoder learns q¢(z | ) ~ p(z) for any input 2. This happens because the KL. — the second term of
the ELBO, is reduced to zero and the latent variables stop encoding information about the input
data.

As a consequence, the decoder learns to ignore z entirely and generates reconstructions based
solely on global statistics of the data, nullifying the usefulness of the latent space.

( . A [ . )
Informative latent Posterior collapse
q(z | x) depends on the input q(z | x) = p(z) for any input
b A In
_—-——==~_ p@=N0OTI p(z)
> ” N N , 7
’ B q(z | x)
/ )
/ \
' \
\ ,'
\ /
\ /
N 7/
N b > 7’
—_ > x > X
different posteriors for x,, x,, and x, the latent no longer identifies the input
\. 7 ¢ J

Figure 4.4. Comparison between an informative posterior and one that matches
the prior during posterior collapse

4.2.4 Training tricks

There are several approaches to solving this problem, including:

= KL Divergence Annealing: gradually increases the weight of the KL divergence term in the
loss function during training, allowing the model to first learn to reconstruct the data before
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imposing strong regularization on the latent space.

= Free Bits: sets a minimum threshold for the KL divergence in each dimension of the latent
variable, ensuring that each one contributes at least a "minimum amount of information” and
preventing them from collapsing to trivial values.

= Minimum Desired Rate: similar to Free Bits, but applies a penalty to maintain a minimum
amount of information in the latent space, forcing the compression not to lose relevance.

= Limiting the decoder's capacity or adding connections from z: reduces the possibility of
the decoder explaining the data without resorting to the latent variable.

4.3 VAE Variants

VAEs trained with a pixel-by-pixel reconstruction loss tend to produce blurry images. Why does
this happen?

Figure 4.5. Blurry reconstructions from a VAE

Typically, metrics such as RMSE or BCE are used to quantify the quality of the reconstructions,
as we mentioned earlier. Therefore, the network's goal is to minimize these metrics.

The problem arises when, for the same latent representation, several plausible reconstructions exist.
In that case, to minimize a pixel-by-pixel loss, the network can make a kind of cheat: predicting
intermediate values between those alternatives. In an image, that conditional average between
possibilities tends to produce blurry edges and details.
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4.3.1 B-VAE

One way to control the balance between reconstruction quality and latent space regularization is to
introduce a hyperparameter g that adjusts the weight of the KL term:

L0, ¢;2) = By (o [logpg (2 | 2)] = B Dy (g4(2 | 2) [ p(2))

This is what the S-VAE™ consists of.

If B =1 is set, the objective function is the same one used in standard VAEs; if it is set to 0, the
KL regularization disappears and the objective is reduced to the reconstruction term, bringing the
behavior closer to that of a conventional autoencoder.

If p < 1 is used, more bits are stored about each input (that is, more importance is given to
the data) and, therefore, images can be reconstructed in a less blurry way. On the other hand,
an advantage of using 8 > 1 is that it encourages learning a ”disentangled” latent representation.
Intuitively, this means that each latent dimension represents a different factor/feature of the input
data. For example, a model trained on photos of human faces might capture smoothness, skin color,
hair color or length, emotion, whether glasses are worn, and many other relatively independent
factors in separate dimensions.

In summary: designing a VAE is almost always a balancing act between "I want the reconstruction
to look good” and "I want the latent space to make sense.”

4.3.2 InfoVAE

To solve the problem of placing too much emphasis on the second term (regularization), causing latent
representations that don't capture the structure of the data well and generated samples that lack
diversity, InfoVAE?" modifies the loss function by adding a mutual information maximization
term between the latent variables z and the observed data x. The InfoVAE loss function can be
written as:

Lraovar = Epn@) |Eqy (el 108P(x | 2)] = (1 = @) Dyer, (44(2 | 2) [ p(2))] = (@ + X = 1) Dy, (a4(2) | p(2))

Where the first term is the reconstruction error, the second is the KL divergence between the
approximated posterior distribution and the prior, and the third is the KL divergence between
the marginal distribution of the latent variables and the prior distribution. The distribution
44(2) = [44(2 | ) Pgata(x) dz is known as the aggregated posterior and describes how the
encodings of the entire dataset are distributed in the latent space.

« and A are hyperparameters that control the relative importance of each term. In this way, the
objective favors z retaining information about = while still approximating the aggregated posterior
to the prior.

4.3.3 Multimodal VAEs

Multimodal VAEs?!, ?2 are an extension of the standard VAE model to handle and learn joint
representations of data coming from different modalities. These modalities can include text, images,
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audio, video, etc. The main idea is to capture the dependencies and correlations between different
types of data, learning a shared latent representation that can be used for tasks such as data
generation or imputation.

Several approaches have been proposed so far for multimodal VAE learning. This review gathers
some of the most influential works.

4.3.4 Hierarchical VAEs

One limitation of standard VAEs is that they usually use a simple prior, such as a standard Gaussian.
One way to increase their flexibility is to introduce a hierarchy of latent variables. By making
both the inference model (encoder) and the generative model (decoder) hierarchical, more complex
distributions can be represented.

 SINGLE-LEVEL VAE  MULTI-LEVEL VAE (L = 3)

..l..........-.l’

.......'.......’

..Il..'.l.'l.l.l’

INFERENCE MODEL GENERATIVE MODEL INFERENCE MODEL GENERATIVE MODEL
q(z|x) p(x,2) q(z|x) p(x,z)

Figure 4.6. Hierarchical VAE with latent variables connected at different scales

The distribution we want to model then is:
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p(@) = [ b ] 20)p(en |2 ple) dov
Therefore, the ELBO would be expressed as follows:

LgLBo = [Eq<zl:k|x) [logp( | 21)] — Dkr(q(21 | @) [ P(21:0))

Many hierarchical models have been published, among which VD-VAE (Very Deep VAE)?*
stands out for image generation, and Bit-Swap?* for data compression.

The VD-VAE architecture is a convolutional VAE. For each group of latent variables, the prior
and posterior are diagonal Gaussians. In the decoder, it uses nearest-neighbor resampling instead
of transposed convolutions and adds several design decisions to stabilize training. Together, this
makes it possible to train a deep hierarchy using the original ELBO, without modifying the objective
function.

4.4 Extra: Compression

In Bit-swap?*, a hierarchical VAE is presented, demonstrating that the bits-back compression
scheme (BB-ANS) can be used with latent variable models. That is, this type of generative model
can be used as efficient compression schemes. Let's take a look, but first: a bit of information theory.

4.4.1 Kolmogorov complexity

In information theory, the Kolmogorov complexity of an object x, denoted K (z), refers to the
length of the shortest possible description of that object on a 'universal computer'. It represents
the inherent complexity of a piece of information = as a function of the length of the most concise
binary program capable of generating it.

— A shorter binary program implies a higher level of regularity or predictability in the data.

— A longer binary program suggests a more complex, less compressible structure.

Similarly, the Kolmogorov complexity of x given y, K(z|y), corresponds to the length of the
binary program that, receiving y as input, produces x. Based on this idea, Bennett et al. 2> derived
the information distance metric, E(x,y):

E(r,y) = max{K(z [ y), K(y | #)} = K(z,y) — min{K(2), K(y)} + O(log K)

This metric essentially evaluates the existence of a simple program capable of transforming one
object into another and, therefore, provides a measure of the relationship or amount of information
shared between them. The simpler the conversion program, the more similar the objects are
considered to be. However, Kolmogorov complexity is not theoretically computable but can only be
approximated.

4.4.2 Compression

Compression techniques approximate Kolmogorov complexity, since they offer a practical means of
representing data more concisely without losing essential information. The main goal of a lossless
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compressor is to minimize the number of bits needed to represent the data, subsequently allowing its
exact decompression.

Recommendation

Silicon Valley is a fun way to understand the importance of compression in society.

Compression methods achieve this goal by identifying and exploiting redundancies or patterns
present in the data. To achieve the shortest possible compression length, symbols with higher
probability receive shorter codes. According to Shannon's Source Coding Theorem !, the length of
the encoded bits is directly related to the entropy of the information source:

Shannon entropy

H(X)= - p(z)log,p(z)

zeX

What compression algorithms seek is to effectively model the "real” distribution of the data p(z):

= A common strategy consists of dictionary-based methods, where patterns or sequences of data are
identified and replaced with shorter codes. Among these are the Lempel-Ziv algorithms, which
dynamically build a dictionary during compression 6.

= Context-based models, such as adaptive arithmetic coding, adjust the encoding probabilities
based on the context of previously encoded symbols 27.

= Entropy coding methods, such as Huffman coding, assign shorter prefix codes to the most probable
symbols 2%.

Recent advances have incorporated Machine Learning techniques into compression algorithms.
What models can we use to approximate the real distribution of the data?
— Exactly, VAEs!!

4.4.3 Generative models as compressors

In a typical compression pipeline, data is represented as a sequence of symbols X =z, x5, ...,z,, and
encoded into a set of bits C. Afterwards, the inverse process is applied to recover the original data.

= Compression: E(X) — C
= Decompression: D(C) — X’

Lossless compression methods seek to minimize the number of bits without sacrificing information.
For a symbol with probability p(z), the ideal length is —log, p(z) bits.
The better the compression, the better the approximation of p(x). In a probabilistic context, p(z)
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can be expressed as the probability of observing the data under a given model:

p(z) = / p(z|9)p(6)do

where p(z|0) is the probability of observing the data given a specific set of parameters, p(6) is the
prior distribution, and 6 represents the model's parameters.

In the context of generative modeling, this expression is usually formulated in terms of the latent
variable z:

p(z) = / p(z]2)p(2)dz

Sounds familiar, right?

Using this notation, the process of sending information in a compression scheme (E(X) — C)
proceeds as follows:
1. The latent variable z is encoded using p(z).
2. The sample x is encoded using p(z|z).

3. Both z and « are transmitted.
On the other hand, receiving the information (D(C) — X’) follows these steps:

1. zis decoded using p(z).
2. zx is decoded using p(z|z).

The number of bits involved initially corresponds to —log, p(z) —log, p(z | 2). The bits-back
method allows recovering approximately —log, g(z | ) bits used to select 2?9, This idea connects
variational inference with probabilistic compression.

The compression process described above can be interpreted according to the BB-ANS scheme
30, Some extra bits are used to generate a sample z via the encoder ¢(z|z); afterwards, z is used to
encode x through p(x|z), while the variable z itself is encoded using the prior distribution p(z). The
reverse process allows recovering z via p(z), reconstructing x via p(z|z), and recovering the initial
extra bits using ¢(z|z).
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Figure 4.7. Bits-back encoding scheme with ANS for a latent-variable model

The final length of the bit stream for a single data point is given by:
N = Nextra + 10g2 q(Z | (E) - 1Og2 p({E ‘ Z) - 10g2 p(Z)

Notice that the costs —log, p(2) and —log, p(x | 2) are transmitted, but the bits-back mechanism
allows recovering approximately the —log, q(z | z) extra bits used to select z. What matters here
is that N — n,, coincides with the negative ELBO (negative Evidence Lower Bound, nELBO),
expressed in bits:

[Eq(z|z) [N - nextra]
q(z | w)}

=F 1
q(z|z) |:0g2 p(z,2)
= —Lppo/log2

Dividing by log 2 converts nats into bits. This cost corresponds to the loss function we minimize
in a VAE.
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p(z,2)
LgLo = [q(z\z) {log q(z x)}

p(z | Z)p(z)}

=E, . lo
q”[g 4(z] @)

p(2) ]
q(z | z)

= The first term corresponds to the reconstruction of x and favors an efficient encoding and decoding
scheme by maximizing log p(x | z) with samples from ¢(z | z).

= The second term is the regularization of the latent space by minimizing the KL divergence between
the variational approximation and the prior distribution z.

As a result, minimizing the negative ELBO maximizes a lower bound of logp(z) and brings
q(z | z) closer to the model's posterior p(z | x).

This equivalence demonstrates that a properly optimized latent variable model, such as a VAE, is
directly applicable to compression tasks, since it minimizes the achievable code length in the context
of bits-back coding.

Jiang et al., in NPC (Non-Parametric learning by Compression)>!, proposed a method based on
this premise for image classification, outperforming supervised and semi-supervised methods.

Similarly, in Few-shot generative compression approach for system health monitoring 3 I proposed
a method based on compression and VAEs to diagnose cases where monitoring data is
abundant, but there are very few labeled instances.
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CHAPTER 5

Flow-based Models

Chapter code: github.com/NahuelCostaCortez/generative-networks

Generative models differ in how they relate to the density of the data p(x). GANs are implicit
density models: they do not compute or optimize any likelihood, they only learn to sample through
an adversarial game. VAEs are likelihood-based models, but their marginal likelihood is intractable
and is optimized via a lower bound (the ELBO). Flow-based models, on the other hand, allow
this density to be computed exactly and tractably.

As we already saw, a typical generative model with latent variables is defined by:

p(z) = / p(z | 2)p(z) dz,

and computing p(z) is intractable because it is practically impossible to iterate over all values of

z.

Flow-based models approach this problem through invertible transformations of distributions.
There are two major families: classical normalizing flows, which apply a discrete sequence of
invertible transformations, and continuous normalizing flows (CNF), where the transformation
is defined as the solution of an ordinary differential equation (ODE); we will look at the latter further
on.

A good estimate of p(x) makes it possible to efficiently carry out many tasks, such as sampling
new, unobserved but realistic data points (data generation), inferring latent variables, or filling in
incomplete data samples. Their use for detecting out-of-distribution (OOD) data has also been
explored.

Note

A high likelihood does not guarantee that a sample belongs to the training distribution. In fact, it
has been observed that these models can assign higher density to OOD data than to the training
data itself.
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5.1 Normalizing flows

Since we use backpropagation to train deep learning models, we expect the posterior probability
distribution p(z | z) to be simple enough that its derivative can be computed easily and efficiently.
This is why the Gaussian distribution is usually used in latent-variable generative models, even
though most real-world distributions are much more complicated than the Gaussian.

In a normalizing flow, to approximate the real distribution we start from a simple distribution
Po(2y), to which a series of invertible transformations is applied to turn it into a complex one py(zx ).
The variable z; is repeatedly replaced by the new z;,; to finally obtain a probability distribution
matching the final target variable.

f.(20) @." f.(z.) @ fin(2) ---@:X

M‘zd 2;~Pi(2;) 2y ~ P (2¢)

Figure 5.1. Sequence of invertible transformations from a base distribution to a
complex distribution

Both the forward transformation and its inverse can be computed exactly. This makes density
estimation possible. To do this, two things must be taken into account:

The density of the inversely transformed sample: to obtain the transformed sample, the
sequence of inverse transformations is applied to the original sample. Then, the density of this
transformed sample is evaluated under the original simple distribution. That is, we check whether
the resulting transformation is a Gaussian.

The change of volume due to the transformations: as the transformations are carried out,
the sample space is distorted. The change of volume is calculated by multiplying the absolute
values of the determinants of the Jacobian matrices of each transformation.

By multiplying these two values (the density of the transformed sample and the change of volume),
we obtain the density of the original sample under the complex distribution.

44



5.2 Applications

The most direct applications of normalizing flows are:

= Density estimation: to compute the exact density of the data (the one assigned by the model).
They can be applied to fit multimodal densities to observed data. They can also be used as hybrid
models that model the joint density of inputs and targets p(z,y), unlike classification models,
which only model p(y | ), and density models, which only model p(x). This is useful for tasks
such as anomaly detection.

= Data generation: for different data modalities, including images, video, audio, text, and
structured objects such as graphs.

= Inference: instead of blindly trying combinations in a simulator or digital twin until finding
which parameters are compatible with an observed result, the flow learns to take the reverse
path: starting from an observation, it approximates the posterior distribution over the parameters
that could have generated it, without needing to run through the simulator thousands of times.
This approach saves months of computation in fields such as cosmology®* and computational

: 35
neuroscience™ .

5.3 Basic linear algebra concepts

5.3.1 Jacobian matrix

Given a function mapping an n-dimensional input vector to an m-dimensional output vector, the
matrix of all the first-order partial derivatives of this function is called the Jacobian matrix:

oh .. 24

0xy ox,,
J=1 : :

Ofm Ofm

It can be understood as a translator from one vector space to another.

Reminder

Partial derivatives measure how a function changes with respect to a specific variable, holding the
others constant.

For example, if we have a function:

fla,y) =y + 3y
the partial derivative with respect to x is computed by treating y as a constant:

9
aTj: = 2xy
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and the partial derivative with respect to y is computed by treating x as a constant:
of _ .2
The symbol 0 is used to distinguish them from ordinary derivatives.

A partial derivative is first-order when we differentiate the function only once with respect to a
variable (as in the example above). If we differentiate a partial derivative again, we obtain a
second-order derivative.

( mpur space R” ) ( outpur seace R™ )
X, A A e
2 ﬂ 8x, Y2 5y N &
J == ACTUAL CHANGE
y=f(x IN OUTPUT
/77 ) LINEAR APPROXIMATION
~=7 Je(x)éx
> L 2 J
X1 M
'S N\ 7 N ' &
SMALL CHANGE LINEAR @ JACOBIAN MATRIX
IN INPUT APPROXIMATION ofs ... ofi
) X1 dxy ax,
6x = | i Sy = Jp(x)ox Sy=1: Je(x)=| ¢+
8x 5 fm ... Ofm
LI Sem————— i R dxy 9x,
Small neighborhood f is approximated by its +“77) Output change Sne=t Mt
around x first-order (linear) expansion. “-”approximated by the ellipse. (xINPUTi . })UTPU}S )
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rotates, or skews small neighborhoods. {/
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Figure 5.2. Jacobian matrix formed by the partial derivatives of a vector
S .
transformation

5.3.2 Determinant

The absolute value of the determinant (which only exists for square matrices) can be thought of as a
measure of "how much multiplication by the matrix expands or contracts space.”
The determinant of a square matrix M detects whether it is invertible:

if det(M) = 0 then it is not invertible (a singular matrix with linearly dependent rows or columns;
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or any row or column that is all 0);
u if det(M) # 0, then M is invertible.

The determinant of a product is equivalent to the product of the determinants: det(AB) =
det(A) det(B).

5.3.3 Change of variables theorem

When we transform a random variable, its probability does not change, but the space it lives in
can stretch or compress.

Imagine a simple variable z with known density p,(z), for example a Gaussian. Now we apply an
invertible function:

z = f(2)

Since f is invertible, if we know a value of x we can also recover the value of z that produced it:

2= f ()

The question is: if we know the density in the original space, p,(z), how do we compute the
density in the new space, py(x)?
At first glance, one might think it is:

px(@) =py(f(2))

This tells us where xz comes from, BUT the transformation may have changed the size of the
regions of space.

Intuition
If a transformation stretches a region, the same probability ends up spread over a larger region.
Therefore, the density decreases.

If a transformation compresses a region, the same probability ends up concentrated in a smaller
region. Therefore, the density increases.

In one dimension, we can think of it in terms of small intervals. A little piece around z has length
dz. After applying the transformation, that piece becomes another one around x with length dz.
The probability inside both pieces must be the same:
px(x)dz =py(z)dz
Rearranging:

px(e) = pal) | 7
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And since z = f1(z):

df!
dx

px(@) = po(F1(2)) ]

The absolute value appears because a density cannot be negative. If the function flips the axis,
for example from left to right, the derivative can be negative, but the size-change factor remains
positive.

Vg N\
(@ oriGinaL space z) (@ mvermiaLe TransrormaTion] (@) TRANSFORMED SPACE | h@ INTUITION
Density pz(z) zr=%(2) Density px () - If the transformation STRETCHES
: a region (dz — dz larger), the same
! z i probability is spread over a larger
: : length, so the density DECREASES.
1 ' (5 N | (T S | T | R R D P o
1 ) *
: ; d i'—" If the transformation COMPRESSES
| ! ' 20 region (dz > dz smaller), the same
H .: = z probability is concentrated over a
T (') _; ; 0 smaller length, so the density
— Example: f(z) = z + 0.52° INCREASES. )
dz (stretches the regions for z > 0, keeps

the regions for z < 0 unchanged)

(" (| CONSERVATION OF PROBABILITY IN A SMALL INTERVAL ) N ( ReLATION BETWEEN DENSITIES |
1
i d
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\_ [ Pl dais palo) dz] ) E the orientation (negative derivative).

Figure 5.3. A transformation stretches and compresses regions, changing their
density

In several dimensions the same thing happens, but the ”little pieces” are no longer intervals, but
small areas, volumes, or hypervolumes. This is where the Jacobian determinant comes in:

px(x) = pz(f(2))|det T ()|

Where J;-: () is the Jacobian matrix of the inverse function. Its determinant measures how much
the volume locally expands or contracts when going from x back to z.
This is also often written using the forward transformation f:

px(@) = py(2) |det Jy(2)]

This form is equivalent. If f stretches the volume by a factor of 3, then the density is divided by
3. If it compresses it by a factor of 3, then the density is multiplied by 3.
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5.4 Application to normalizing flows

A normalizing flow does not perform a single transformation, but a chain of invertible transformations:

fi fa I3 I
20— 2 —> gy~ — 2 =T

We normally start with a simple distribution:

2o ~ Po(2p)

Then we apply transformations until we reach a sample that looks like real data:

r=zg= frgofr 100 fi(z)

This is used to generate data: we sample a simple z, and progressively transform it to obtain z.

But the interesting thing about flows is that we can also take the reverse path to compute the
exact density of a data point z:

& T it
T=Zg —> 2 — 2

Once we have z, its density is easy to compute because it belongs to the initial distribution. All
that remains is to correct for all the volume changes that occurred along the way.
For a single transformation:

z; = fi(#zi21)
Applying the change of variables theorem:

pi(2z) = pi1(2i1) ‘det Jy, (Zifl)‘
This equation says:

= the density after the transformation depends on the density before the transformation
= if the transformation expands the space, the density decreases

= if the transformation compresses the space, the density increases

As we mentioned in the GAN chapter, in machine learning we usually work with logarithms of
probabilities because:

= products of many small numbers tend to zero

= products become sums, which are easier to optimize

Taking logarithms:

logp;(2;) = logp;_4(z;_1) — log ‘det in(2i71>|

If we repeat this for the K transformations of the flow, we obtain:
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K
logpx(z) = logpy(zy) — Z log ‘det in(ziq)‘

i=1
This is the central formula of normalizing flows.
It reads as follows:
m logpy(x): the log-density of the real data point we want to evaluate
= logpy(zy): the log-density of the corresponding point in the simple distribution

" Zi log | det Jy [: the accumulated correction for all the volume changes introduced by the trans-
formations

successive distributions is what we call a normalizing flow.

The path traveled by the random variables z; = f;(z;_;) is the flow. The complete chain of

Required properties for f

The transformation functions f; must satisfy these properties:

1. Bijection: they must be invertible.

2. Their Jacobian determinant must be easy to compute.

5.5 Models based on Normalizing flows

Some popular normalizing flow architectures are Real NVP36, Masked Autoregressive Flows®’,
Glow?® (by Kingma — author of the original VAE paper and creator of the Adam optimizer), and
SurVAE??.

The differences between these architectures lie in the transformations they apply and in specific

network designs, but they all share the common goal of transforming a simple distribution into a
more complex one.

5.6 Advantages and disadvantages

Advantages

= They allow computing the exact density (the one assigned by the model) of a data point, not
just generating samples. This makes them useful for tasks such as anomaly detection, density

estimation, or models where we want to explicitly know what probability the model assigns to an
observation.

= Since the transformation is invertible, we can go in both directions: from noise to data to generate,
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and from data to noise to evaluate density.

Limitations

= Each transformation must be invertible and have a Jacobian determinant that is easy to compute.
In standard neural networks, most operations (such as ReLU activations or pooling transformations)
are not invertible. This greatly restricts layer design and can make the model less flexible than
other generative architectures.

= Computing the determinant of a dense N x N matrix has a complexity of O(N?). To avoid this,
architectures are designed so that the Jacobian matrix is triangular (where the determinant is just
the product of the diagonal), but this greatly restricts how the data can interact with each other,
requiring much deeper and slower architectures to compensate for that loss of modeling capacity.

5.7 Flow Matching

As we have seen, normalizing flows build the model as a chain of invertible transformations:

f1 fz fK
Zg—r 2z — e — X

Flow Matching starts from a similar idea, but instead of asking:

What invertible transformations can I design to turn noise into data?

it asks:

What direction should each point follow to move from a simple distribution to the target distribution?

In this way, what Flow Matching learns is a velocity field.
Imagine we have many noise points, for example samples from a Gaussian, and many real points,
for example images. We want to gradually move the noise points until they end up resembling the

real data.
To describe this movement we introduce a time variable:

t e [0,1]
When ¢t = 0, we are at the simple distribution:
Lo ~ Po

When ¢t = 1, we want to be at the data distribution:
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L1 ~ Pdata
In between we have intermediate points x,. The model learns a function:
Vg (xzﬁ t)
This function receives two things:
= the current point z,

= the current time ¢

And returns a vector indicating where that point should move at that instant.

Intuition

In normalizing flows we learned transformations.

In Flow Matching we learn velocities.

Generation consists of starting at noise and following those velocities until reaching a realistic sample

[ LEARN A VELOCITY FIELD THAT TRANSFORMS A SIMPLE DISTRIBUTION INTO A TARGET DISTRlBUTlON.J

Zg ~ po(x) Ty ~ py(x)
(noise) (data)
vp(z, 0) vg(z, 0.75) i
— —
—_— —
—_— ———
—_— st
—— ——
——— —
O
,
THE VELOCITY FIELD vg(z, t) =
START FROM A SIMPLE oz, AT t = 1, WE OBTAIN
DISTRIBUTION DEFINES :‘;’E': mp;rs RIVE SAMPLES FROM THE — VELOCITY FIELD
: TARGET DISTRIBUTION vg(z, t)
zo ~ po(z) SOLVING THE ODE: ;.

Ty ~ xT
e.g., Gaussian noise) dx, 1~ i) ® SAMPLES T4

(DATA) AT TIME ¢

v(¢, t)

MOVES SAMPLES FROM
t=0T0 t=1.

Figure 5.4. Velocity field transporting noise samples toward the data
distribution
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5.7.1 Training

To train the model we need to know what a good velocity would be at different intermediate points.
To do this, we can pair a noise point z with a real data point x and draw a line between them:

x,=(1—t)z+tx
This equation represents an interpolation where:

m if ¢t =0, then z, = 2
mift=1, thenz, ==z

m if ¢ is between O and 1, then x, is between the noise and the data

If the path is a straight line, the velocity that leads from z to z is:
U =T — 2
Therefore, during training we can do the following:

Take a noise sample z
Take a real data point x
Choose a random time ¢ between 0 and 1

Construct the intermediate point =, = (1 —t)z + tx

A e

Ask the network to predict the correct velocity u, =z — z

The loss function can be written as:

2
£(0) = E.p. [I0p(@0st) — ]
The idea is fairly direct: the network predicts an arrow, which is penalized if it points in a

direction different from the one it should.

Important

Linear interpolation is a simple way to understand Flow Matching, but it is not the only one. In real
models, more sophisticated paths between noise and data can be defined.
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O If t€(0,1), then x, is between z and x We penalize it if it points in a different direction PENALIZE THE DIFFERENCE
than the correct one.

Figure 5.5. Summary of training and sampling via Flow Matching

5.7.2 Sample generation

Once the model is trained, generating a sample consists of solving an ordinary differential equation
(ODE):

This roughly means: "update z, following the velocity predicted by the network at each instant.”
In practice:

1. We sample an initial noise point zy ~ py

2. We use the network to know where to move it
3. We take a small step in that direction

4. We repeat the process fromt =0tot =1

At the end we obtain z;, which should look like a sample from the data distribution.

5.7.3 Difference from Normalizing Flows

Normalizing flows and Flow Matching share the same intuition: both transform a simple distribution
into a complex distribution. The difference lies in how they do it.
In normalizing flows:

we use a finite sequence of invertible transformations
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= we compute how the density changes with Jacobian determinants

= we can evaluate the density assigned by the model
In Flow Matching:

= we learn a continuous velocity field
= we generate data by following a trajectory from noise to data

= we do not need to manually design invertible layers with easy determinants

This is why Flow Matching is appealing: it allows the use of more flexible neural networks and
training them with a relatively simple regression loss.

5.7.4 Continuous Normalizing Flows

Until now, when we talked about Normalizing Flows we were referring to discrete flows. However,
there are also continuous flows, where, instead of applying a chain of discrete layers, the transformation
is modeled as a continuous process in time governed by an ODE.

The problem is that training these flows required ”simulating” the ODE forward and backward
within each optimization step (known as simulation-based training or the use of Neural ODEs),
which is computationally exhausting and very slow.

In this sense, the training reformulation proposed by Flow Matching (direct, linear probability
paths and a simple regression loss) makes it possible to solve this problem during training: it is no
longer necessary to simulate the ODE at every optimization step.

Note

This does not eliminate the cost in all cases: if afterward we want to evaluate the exact likelihood
of a data point under the trained model, we still need to solve the ODE and integrate the divergence
of the velocity field along the entire trajectory, just as in any CNF. What Flow Matching avoids is
simulation during training, not the cost of evaluating the exact density afterward.

5.7.5 Optimal Transport

Once the central idea of Flow Matching is understood, it makes sense to talk about Optimal
Transport as a way of choosing better paths between the initial distribution and the data distribution.

The intuition behind Optimal Transport is to transform one distribution into another at the
lowest possible cost.

In Flow Matching this comes up when we construct paths between noise points and real points.
If we pair points at random, the trajectories can cross a lot or take unnecessary detours. If we use
the idea of optimal transport, we try to pair points in a more coherent way.

This is why variants such as Optimal Transport Flow Matching or OT-CFM appear in the
literature. The original paper _Flow Matching for Generative Modeling “° already highlights the
use of optimal-transport-based paths as a particularly interesting option, and later works such as
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_ Improving and Generalizing Flow-Based Generative Models with Minibatch Optimal Transport_ *!

use optimal transport on mini-batches to build more useful pairings during training.
What matters is not to confuse the levels:

= Flow Matching: learns a velocity field that moves samples from noise to data.

= Optimal Transport: can help define more efficient paths or pairings for training that velocity
field.

5.7.6 Relationship with diffusion models

Flow Matching is closely related to diffusion models, because both describe a process that connects
noise with data.

In diffusion, one usually learns to invert a stochastic process that adds noise. The same model
can parameterize noise, score, x, or velocity, and these parameterizations can be converted into
one another for a given noise path. For example, for the linear path used in Flow Matching,
x, = (1 —t)xg + te with e ~ N(0,1):

z, — (1 —t)x, x, —tle
e=—"+—"= Ty = )
t 07 1t

€
s(xt,t):—g, v(z,,t) =€ —x.

Given x, and any one of the four quantities (noise ¢, score s, x,, or velocity v), the others can
be obtained without retraining the model. Other (nonlinear) noise paths give rise to analogous
relationships but with different coefficients, as we will see in the next chapter.

In Flow Matching, the velocity field that transports samples from noise to data is learned directly.

Therefore, both frameworks are closely related: they differ in the objective and in how the path is
specified, as we will see in the next chapter.
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CHAPTER 6

Diffusion models

Chapter code: github.com/NahuelCostaCortez/generative-networks

@MIAMIAMIAOIO3

®

B
I'VE RECONSTRUCTED
SO MANY ALREADY. T
CAN TAKE CARE OF THIS
ONE FOR SURE!

Figure 6.1. Source: miamiamia0103
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6.1 Introduction

Diffusion models draw inspiration from non-equilibrium thermodynamics. They add noise to the
data and then learn a reverse process that generates samples from noise.

Specifically, a diffusion process is applied to gradually convert the observed data z, into a
noisy version x, by repeatedly passing the data through a stochastic encoder ¢(x, | x, ;). After
enough steps, we end up with z,~ N (0, ), or any other convenient reference distribution. Then, a
reverse process is learned by passing the noise through 7T steps of a decoder p(x,_, | x,) until z; is
generated again.

These models are similar to hierarchical VAEs, in the sense that they have an encoder and a
decoder and follow a sequence of steps or hierarchies, and also to normalizing flows, since they
apply a sequence of transformations to the data.

Non-Equilibrium Thermodynamics and Diffusion Models

Non-equilibrium thermodynamics studies how systems that are changing evolve irreversibly toward
other states. Diffusion models use exactly that kind of dynamics, but applied to probability
distributions (and with reversibility).

Remember the image from the beginning of the course? It should make much more sense now.

58


https://arxiv.org/abs/1503.03585

GAN FLOW-BASED MODELS

Adversarial training Transform of distributions
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Figure 6.2. Overview of generative models

ENCODER
q¢é(z|x)

DECODER
Po(x|2)

In diffusion models, the forward process in which we add noise is not learned but instead follows
a fixed procedure, and the latent variable has the same dimensionality as the original data. On the
other hand, the decoder is shared across all steps.

Several diffusion-based generative models have been proposed, including diffusion probabilistic
models*?, noise-conditioned score network®?, denoising diffusion probabilistic models**, and variational
diffusion models®.

6.2 Encoder (forward diffusion)

Forward diffusion is the easy part because it doesn't involve training any model. It is a fixed
procedure in which we decide how to add noise.
The process is usually defined as a simple linear Gaussian model:

q(x; [ %) = N<Xt ‘ V1I=6x, Btl) ;

where the values of 3, € (0,1) are chosen according to a noise scheduler.
Intuitively, 5, controls how much noise we add at each step t:
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= if 8, is small, the image changes very little
= if 3, is large, we add a lot of noise at once
The noise scheduler decides how that amount of noise grows throughout the process. Adding a

lot of noise from the start is not the same as adding it slowly and accelerating toward the end.
The joint distribution over the latent states is:

=

q(xy.7 | %0) qut | x4 1)
t=1
The distribution g(x, | x,) is known as the diffusion kernel. Applying this to the input data
distribution and then computing the resulting unconditional marginals is equivalent to Gaussian
convolution:

q(x;) = /QO(XO) q(x; | xo) dx

As t increases, the signal-to-noise ratio decreases and the marginals approach a simple distribution.
In images, this process first removes high-frequency content (i.e., low-level details, such as texture),
and then low-frequency content (high-level or ”semantic” information, such as shape).

q(x¢|xe-1) = N (x¢; /1= Bexy_y, BeI)

NOISE

DATA

Do (xe—1|x:) = N (x-1; polxe, t), 031)

Figure 6.3. The forward process gradually adds noise and the reverse process
learns to remove it
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6.3 Decoder (reverse diffusion)

The ultimate goal of a diffusion model is for the reverse process (decoder) to learn the original data
distribution, p(z).

By adding noise in T steps, a sequence of intermediate distributions ¢(x, | x,) is created, where
x, is the original data z, with an increasing amount of noise.

Generating a full image from scratch is hard, so the problem is reformulated to consist 'only" of
removing a bit of noise from a given image. By doing it in several steps, we turn a complicated task

into many simple ones.
In other words, to generate a new sample we don't know x,, so we train a model to approximate
the reverse distribution:

Po(Xey | X)) = N(x_y | pg(x4, 1), Bo(x4,1))
The corresponding joint distribution over all generated variables is given by:

T
po(o.r) = p(7) Hpe(wtq | z,), where p(zg) = N(0,1)

t=1

To generate data from the model, a point z ~ N (0, ) is sampled and then the Markov chain is
run backward, sampling x, ~ py(z, | z,,,) until a sample is obtained in the original data space, x.
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Figure 6.4. Stochastic reverse chain that transforms Gaussian noise into a data
sample

6.4 Training

We have already defined the two processes that make up a diffusion model: the forward process
adds noise through known transitions, and the reverse process progressively tries to recover the data.
What's left is to learn the parameters 6 of each reverse transition py(z,_; | z,).

During training we start from a clean sample z,, so we can generate any noisy state z, and
compute what the step toward x,_; should look like. The goal is to get the learned transition to
approximate that reverse process. This idea is formulated probabilistically through the ELBO and
ends up producing a simple noise-prediction loss.
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6.4.1 The ELBO as a starting point

We want to maximize the log-likelihood of the data, log p,(z), but computing it requires integrating
over all latent states z1.p. As in a VAE, we use the forward process q(z,.7 | x,) as the variational
distribution and minimize the negative ELBO:

Po(Zo.1)
L =E |—log —"——""—
VLB a [ o8 q(wy.p | xo)

~ *VLB stands for ”Variational Lower Bound” .
This expression can be decomposed into a sum of local problems:

T
Lyis = Dy (q(zr | o) | (7)) +ZDKL(Q<xt71 | 24, @) | pol@i_y | ) + —logpy(zg | 1)
’CT =2 L’t—l £O

m L compares the last state of the forward process with the Gaussian prior and does not depend
on @ if the noise scheduler is fixed.

m Each £, ;| compares the true reverse step, which we can compute during training because we
know x, with the learned reverse step.

= £, corresponds to the final reconstruction step toward the data.

The distribution g(x;_; | x;,2,) is Gaussian and its mean can be expressed using the noise e with
which we constructed x,:

r, =/, xg+ 1 —ae e~ N(0,I)

If we fix the variance of the reverse process and parameterize its mean using a network e, (z,,t),
each KL term that depends on 6 becomes, up to constants, a squared-error noise-prediction term:

2
Lyre = by e [wt le — ep(y, 1)l ] +C,

where w, is a weight determined by the noise scheduler and by the variance chosen for py(x,_; | x;).

6.4.2 Simplified loss

Ho et al.** observed that dropping the weights w, and sampling ¢ uniformly produced better samples.

This variant is known as £, 0

2
’Csimple(a) = [Exo,e,t [”6 - Ea(l‘ht)” ]

This is the loss function we will assume for the rest of the chapter. It is a reweighted
version of the variational objective that keeps the same denoising problem, but it is no longer exactly
the original ELBO because it assigns the same explicit weight to every timestep.

In summary, during training:

1. We take an image x.
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2. We pick a random step t.
3. We add a known amount of noise € to obtain ;.
4. We feed z, to the model.

5. The network predicts the noise it believes is in the image, €y(7,t), and we minimize L, .-

6.5 Example: Stable Diffusion

The original Stable Diffusion family*® popularized latent diffusion. Instead of running the process
directly on pixels, it runs it on a compressed latent space, which substantially reduces the
computational cost.

This makes it a latent diffusion model.

The motivation is very practical. A 512x 512 image with 3 channels has a very large dimensionality,
so performing diffusion over all those pixels is expensive. Stable Diffusion first compresses the image
to a smaller representation, performs the denoising process in that compressed space, and, at the
end, decodes the result back to pixels.

6.5.1 Overview
We can think of Stable Diffusion as three main blocks:

1. Text encoder: converts the text prompt into a numerical representation.
2. Image generator: generates a latent representation of the image guided by the text.

3. Image decoder: reconstructs the latent representation into the target image dimension.

64



PROMPT

TEXT
ENCODER
(cup)

“A purple monster

playing an alien
modular synthesizer”

........
----------

Figure 6.5. Stable Diffusion combines a text encoder, a latent denoiser, and an
image decoder

6.5.2 Text encoder: CLIP

First, the model needs to convert prompts into vectors that a neural network can use.

TEXT ENCODER

“mountain landscape”,

}

|

|

}

| [1.29, 0.76, ..,],
“astronaut riding a horse" -—) |

|

}

]

|

}

]

— | [-.21, 2.81,..],

[2.41, -.03, ..,]

TRANSFORMER

“intergalactic goldfish” ENCODER

Figure 6.6. CLIP projects related images and text into a shared representation
space
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In the original Stable Diffusion, this block is CLIP's text encoder®”. CLIP jointly trains an image
encoder and a text encoder to learn representations where an image and its description end up close
together in vector space.

During training, image-text pairs are passed through their respective encoders and the embeddings
are compared using cosine similarity. At the start, the similarity will be low, even if the text correctly
describes the image, simply because the vector spaces of each encoder are different. What is then
done is to update the weights of both networks so that, next time, the resulting embeddings are
similar.

By repeating this operation, by the end of training the encoders end up producing embeddings in
which, for example, an image of a pangolin and the phrase "a photo of a pangolin” end up in similar
regions of the latent space.

a:‘phytgigf : TEXT |
.l pangon’ ENCODER |
—— : = JV . -
. . T1 T2 T3 TN
—»| I, IpTy | IeTy | IpTs | o | IpTy
—| I, IpT: QSR 1275 | - [ IzTy
IMAGE —»| I | [IsTy | IsTo | I3Ts | - | IsTy
ENCODER
= IN IN TI IN-T2 IN T3 IN TN

Figure 6.7. The text is tokenized and turned into contextual embeddings to
condition the diffusion process

Note
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Just like in word2vec, the training process must include negative examples. That is, images and
descriptions that don't match, to which the model must assign low similarity scores (contrastive
learning).

The text encoder is used to convert the prompt into a sequence of embeddings that contain
contextual representations of the tokens. The generator will use it to guide the appearance of objects,
styles, and relationships.

Example: if the prompt says ”a dog with sunglasses on the beach”, the text encoder generates a
representation that will help the image generator know that concepts like dog, sunglasses, beach,
outdoor light, sand, etc., should appear.

6.5.3 Image generator

The name "image generator” can be misleading because, in the Stable Diffusion family, this component
does not produce pixels directly, but rather a matrix in latent space.
The core block is a U-Net. This network receives:

= a noisy latent z,
= the timestep t
= the textual conditioning ¢ produced by CLIP

And predicts the noise that should be subtracted:
€g(z,t,¢)

Then, a scheduler uses that prediction to compute a slightly less noisy latent:
2y = Zp_q

This process is repeated many times until a clean latent 2, is obtained. This is not a visible image,
so it is passed through the decoder of a VAE to convert it into pixels, T = Dyag(zg)-
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The process is repeated many times:
Zy = Zp-1 > 0n > Zp
until obtaining a clean latent,

Figure 6.8. The U-Net predicts noise conditioned on the timestep and the text
representation

The U-Net uses cross-attention mechanisms to mix the visual information of the latent with the
textual information of the prompt. Thanks to this, the model can decide which parts of the image
should attend to which parts of the text.

Cross-attention

Cross-attention lets the image "look” at the text while it is being generated.

For example, if the prompt contains "dog”, ”sunglasses”, and ”beach”, different regions of the latent
can use those words to form coherent objects and details.

6.5.4 Training

During training, the model mainly learns to remove noise in the latent space.
The typical process is:
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A real image x and its associated text are taken.

The image is encoded with the VAE's encoder to obtain a latent z.
The text is encoded with CLIP to obtain the conditioning c.

A random timestep t is chosen.

Noise is added to the latent 2, to obtain z,.

The U-Net receives (z,t, ¢) and predicts the added noise.

NS g WD

The real noise is compared with the predicted noise.

The loss is the same £ we just defined, but applied in the latent space and conditioned on

the text:

simple

2
£i?§;lfe(0> = [Ezo,e,t,c [”6 - 69(’2157 t’ C)H ]

In many implementations, the VAE and the text encoder are already pretrained, so they are kept
frozen. The trainable part consists of the U-Net's parameters for the denoising process.

zt~q(z,|z.,.t) l

€a(ze,t,c)

VAE
ENCODER

!

| ADD NOISE I
—
(random t)

REAL IMAGE —>
X

U-NET
(TRAINABLE)

(predicted noise)
1

1
)
“dog wearing

c
gt fl— P ERRER] —
the beach” ENCODER |

(text embeddings)

»(D)-mmen

| Ppe—

ASSOCIATED TEXT

BACKPROPAGATION ---

______________________________________________________________________________________________________

Figure 6.9. Training latent diffusion using known noise and the denoiser's
prediction
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6.5.5 Inference

Here we want to use the already-trained model to generate a new image.
The typical flow is:
. We write a prompt.
. CLIP converts the prompt into text embeddings c.
. We sample a random initial latent zp ~ N (0, I).
The U-Net predicts the noise in the current latent, conditioned on c.
. The scheduler subtracts the predicted noise from the latent to make it slightly less noisy.

. We repeat steps 4 and 5 for several timesteps.

e NS B U g

. The decoder converts the final latent z, into an image.

c
)
PROMPT TEXT EMBEDDINGS ~ INITIAL NOISY & BIRISRSIS| . erep noisE LESS NOISY
c LATENT LATENT
“dog wearing o —— fooooog
fetest] EEERDD = :

e ed e . d e e - )
ent, o 4] 1
EEEETTE
zr ~N(0,]) Zir |
1
1

P 0
(very noisy) (clean latent) FINAL IMAGE

Figure 6.10. Iterative sampling in latent space followed by decoding into an
image

6.6 Relationship to Flow Matching

Diffusion models and Flow Matching are closely related. Both start from a simple distribution,
usually Gaussian noise, and learn to transform it into a target distribution. The most common way
of presenting them differs in which parametrization the model uses to express that same objective,
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although, as we'll see, all of them are convertible into one another.
In diffusion, the model learns to predict the noise:

ee(xta t)

That is, it receives a noisy sample x, and predicts which part of that sample corresponds to the
added noise.
In Flow Matching, the model learns a velocity:

Vg (xt7 t)

That is, it receives an intermediate point x, and predicts in which direction it should move to
advance from the initial distribution toward the target distribution.

Intuition

Diffusion asks: ”"what noise do I need to remove?”

Flow Matching asks: ”in which direction do I need to move?”

6.6.1 During training

In diffusion, we construct noisy examples by adding known noise to real data:

T, =\ ouxy + /1 —aye

Since we know €, we train the network to predict that noise.
In Flow Matching, we construct intermediate points between an initial sample z and a data point

z, =(1—t)z+tx
And we train the network to predict the velocity that would follow that path:
U, =T — 2

In both cases we build a supervised problem: we artificially generate an intermediate state and
we know what the correct answer should be. In diffusion this target can also be expressed as a score,
a clean sample z, or a velocity v.

These parametrizations are not independent: given z, = /&, ¢y + /1 — @, €, they are related by

T, —+/1—a€ € — —
gy = Y s(x,t) = ——F——, v= /oy e—/1—a,x.
VO 1/ 1— (e
Given z, and any one of the four quantities (noise €, score s, clean data x,, or velocity v), the
others can be obtained without retraining the model. They are different parametrizations of the
same training objective.

71



6.6.2 During generation
In diffusion, we start from noise and apply denoising steps:
Z‘T _> :CT71 — e _> .TO
In Flow Matching, we start from noise and follow a velocity field:

da,

dt = U‘g(l't,t)

Generation also proceeds from noise to data, but the mathematical starting point changes.
Diffusion can be implemented as a stochastic chain or via its probability-flow ODE; Flow Matching
directly defines and learns a velocity field over a probability path. The two frameworks are closely
related.
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CHAPTER 7

Transformers

Chapter code: github.com/NahuelCostaCortez/generative-networks
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INPUT OUTPUT
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Figure 7.1. Architecture of a Transformer
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7.1 Background

To understand the origin of Transformers we need to review some concepts we haven't covered yet.

7.1.1 From words to vectors

So far we have covered architectures mainly oriented toward images, which makes their processing
easier because they already come in numerical format (images are matrices of pixels), but Transformers
deal with text. Neural networks don't understand words, so the text has to be transformed into a
numerical representation.

One-Hot Encoding

The most basic approach would be to associate each word with a number. For example, we could
represent the sentence "The cat sat on the mat” as a vector ”[25, 7, 4, 8, 27, 15]”.

! Problem — If we fed those identifiers directly in as numeric values, we would be telling the
model that words with a larger associated number carry more importance.

Figure 7.2. Two words represented by arbitrary numbers

& Instead, each word could be associated with a vector with as many positions as there are
words in the vocabulary of the problem at hand. To represent a word, a 1 would be marked in the
position that corresponds to it and 0 in the rest. For example, if the vocabulary only had 3 words
we would have something like the following:
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[1,0,0]
[0, 1, 0] [0,0,1]
[0,0, 1] i

Figure 7.3. One-hot encoding of three words and their geometric representation

With this representation the distance between words is preserved! This happens regardless of the
number of words (dimensionality) in the vocabulary.
' However:

Unnecessary storage: a 10-word sentence with a 400-term vocabulary becomes a 10x400
matrix where most values are 0.

)

All words are equidistant: this solves the previous problem, but words like "cat” and "box’
should actually be closer together than “cat” and "sky”.

Embeddings

Related to this last point, we as humans understand that some words are semantically more related
to each other than others. ”"car”, "mechanics” and "wheel” are conceptually closer to each other
than ”cloud” or "volcano”.

For example, how would you mentally sort the images on the left?

One option could be by color and type of car — It would end up looking something like the image

on the right.
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Figure 7.4. Example of sorting car images by color and type

Internally we follow a process of compressing and ordering data.

To begin with, each image has thousands of pixels, which our brain processes and orders until it
obtains a much more compact representation. In other words, it has performed a dimensionality
reduction, in this case down to two dimensions. This is precisely one of the operating principles of
neural networks: compressing and ordering data until obtaining an internal representation (latent
space or embedding) useful for downstream tasks.

This doesn't happen only with images; any data that can be converted into a numerical representa-
tion can be subject to this same process. We already saw that text can be converted into a numerical
representation, whose dimensionality is very large, so it can be modeled to reduce/compress it.

At first, the embedding layer has no knowledge of how to organize the data, but, as it is trained,
it learns representations suited to solving the task. For example, when analyzing whether a movie
review is positive or negative, words like "happy”, "satisfying” or ”like” will tend to end up close
together.

Note

Instead of always learning from scratch, we can start from pretrained embeddings. Word2Vec*®
popularized reusable static embeddings: each word keeps the same vector regardless of context.
The TensorFlow Embedding Projector is a perfect resource for visualizing the similarities between
embeddings (reduced to 3 dimensions) of different words.
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7.1.2 Tokens

In practice, text is not split into words but into numeric units we call tokens.

Tokens are indices within a vocabulary: the number 1437 doesn't mean anything by itself, it's
simply a position that points to an embedding. The embeddings for each token are initialized
randomly and, as the model sees words during training, it adjusts the values of each vector to obtain
the best representation of each one.

TOKENIZED TOKEN WORD EMBEDDINGS
TEXT IDS OF THE TOKENS
“the” 1437 1437: [o1]02[07]|03]02|08]|}
. TABLE b
TEXT INPUT cat 5389 | ookup | 5389: [0s8]os]o1]ogo702]}

the cat chased the mouse |;> “chased” Q 7234 7234: (05|06 |03 |02 0401}

“the” 1437 1437 [ 01 |o.2|o.7 o.3|o.z 08
“mouse” 4321 4321: {09 [08[04[o01]01]02

R SO s

TOKENIZATION WORD EMBEDDINGS

Figure 7.5. Tokenization pipeline and embedding lookup

Why split into tokens instead of words?

Less unknown vocabulary (OOV): Allows processing new words, proper nouns or typos by splitting
them into known fragments.

Efficient vocabulary: Keeps the dictionary size within a manageable range (30k-256k tokens),
avoiding excessive GPU memory consumption.

Morphological flexibility: Makes it easier for the model to detect shared roots and suffixes in
complex languages.

Efficiency: frequent sequences tend to take up few tokens while uncommon words are split into
smaller fragments.

There are different ways to tokenize text, so each model usually has its own tokenizer (typically
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based on algorithms such as Byte Pair Encoding (BPE), SentencePiece (Unigram) or WordPiece),
understood as a component that converts text into tokens.

7.1.3 Recurrent networks and Vanishing Gradient

Going back to the modeling side, many machine learning tasks were initially solved with simple
neural architectures. Over time, architectures evolved to adapt to the nature of the data:

= Images — Convolutional Neural Networks (CNNs)
= Data organized as graphs — Graph Neural Networks (GNNs)

= Sequential data, such as text or time series — Recurrent Neural Networks (RNNs)

In sequential data, order matters. When processing a word, for example, it's necessary to take
the previous words into account because they provide the context that allows it to be interpreted.
Recurrent networks are precisely useful for this because they incorporate connections that reuse the
information processed in previous steps (unlike a multilayer network, whose connections only move
forward toward the output).

In an RNN, the first word is processed and the resulting state is fed into the processing of the
next one. The process repeats until the whole sequence has been traversed. Thus, the state of the
network at each step depends both on the current input and on the previous states, hence the name
recurrent network.

The main problem with RNNs is that, when sequences are very long, the influence of the earliest
elements on the last ones can become smaller and smaller. The network ends up "forgetting”
information from the start of the sequence, a problem related to what is known as the vanishing
gradient.

Vanishing gradient

During training, the error is propagated backward to compute how much each parameter should be
adjusted. In long sequences, this computation chains together many derivatives. If their values are
close to zero, their product becomes progressively smaller until the gradient practically vanishes. As
a consequence, the earliest steps of the sequence receive barely any information to learn from.

LSTM and GRU architectures mitigate this problem through mechanisms that control which
information is kept, updated or forgotten. Even so, each state depends on the previous one, which
is a problem because it limits the handling of very distant dependencies and also makes parallel
training impossible.

7.1.4 Attention mechanisms

Attention is a mechanism first introduced in _ Neural Machine Translation by Jointly Learning to
Align and Translate °° to represent the most relevant information of a sequence in a vector.
Think about how we translate into another language. We don't translate word by word; instead,
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we focus on specific words of the original sentence to translate the current word. In other words, we
fix our attention on specific parts of the sentence.
For example, in a sentence like "the player showed his cards”:

= The relationship between "player” and ”cards” takes us to the concept of a game

= "showed” as the verb of the sentence, is closely connected to the subject "player”

)

THE

PLAYER

SHOWED

HIS

CARDS

Figure 7.6. Attention connects the words player, showed and cards according to
their contextual relationship

To search for these relationships, two projections are trained so that, given a sequence as input,
they learn to generate two different vectors:

= Identifier vector @ (Key): identifies the interesting properties that characterize each word.

= Search vector @ (Query): describes the interesting properties that each word is looking for.

If there is some query word whose description is compatible with what the key word is looking for,
a match should be generated. It's something equivalent to trying keys (identifier/key) in different
locks (search/query), where the keys work with lesser or greater success.
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Figure 7.7. The Query and Key projections produce compatibility scores
between tokens

To quantify compatibility, the dot product between the key and query vectors is used, QK. It
will be larger the more the directions of the vectors coincide (if they coincide to a large degree, that
value will be high).

, KEY VALUE - QUERY VALUE A
THE - 0.43 | THE X
PLAYER  (§) 0.90 | PLAYER -~ \
SHOWED (5 0.54 | SHOWED : >
HS &) 0.25 | HIS [ Vier « Vaueer = 090
carRds (B 0.14 | CARDS

Figure 7.8. Key-query dot product (1) / Key-query dot product (2)

When working with high-dimensional vectors d;, the sum of many products tends to produce
extremely large scalar values. To smooth this out, it is divided by y/d},, normalizing the variance of
the scores.

A

S

80



We know this as the compatibility matrix or scores. Then, the softmax function is applied
along each row of S to transform the scores into a probability distribution (values between 0 and 1
that add up to 1).

A = softmax(.5),
This is the attention vector. If a word's key fits the lock perfectly, it will get a weight close to 1

(almost total attention); if not, its weight will fall toward 0.

Note

There is one attention vector per word/token.

The player showed his cards

ATTENTION —>(o.43 090 054 0.25 0.14]

Figure 7.9. Attention vector for the token 'The'.

This way, unlike recurrent networks, words can be associated regardless of how far apart they are
in the sentence.

Then, there is another projection that processes each of the tokens, generating a vector known as
the value vector (Value).
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=>|[1.23,...,1.67]

=¥ |[0.33, ..., 0.96]

[1.77,...,1.19]

== ==>|[1.68,...,1.90]

Figure 7.10. A vector is generated for each token.

If we compute the weighted sum of the product of the attention vector with the value vector, the
result is a vector that captures the context of the sentence:

ATTENTION —

VAWUE —

Figure 7.11. Weighted sum of five Value vectors to produce a contextualized
vector

Note

In multi-head attention, several heads apply different projections in parallel.
specialize in different relationships; their outputs are concatenated and projected again.

THE PLAYER SHOWED HIS CARDS

Attention(Q, K,V) = AV
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7.2 Transformers

We had seen that with recurrent networks we mainly had two problems arising from sequential
processing:

handling very distant dependencies (long texts) is limited

parallel training becomes impossible

Attention mechanisms partly mitigate the first problem, but the second one remains.

& Solution

Don't use recurrent networks — new architecture based on attention — Transformers : Attention
is all you need’.

ot [

ENCODERS DECODERS

wi[oaaoo| wu|ooao)

Figure 7.12. Simplified architecture of a transformer.

The inputs/outputs depend on the goal to be solved. Examples:

Translation. Encoder input: sentence in language 1; decoder input: sentence in language 2;
output: sentence in language 2 shifted by one unit.

Text prediction. Encoder input: there is no encoder. Decoder input: sentence; output: next
token /word.

Time series prediction. Encoder input: time series (e.g.: T1, T2, T3, T4). Decoder input:
continuation of the series (T4, T5); output: continuation of the series shifted by one unit (T5,
T6).
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7.2.1 Positional encoding

If everything is now processed at the same time, how do we know the order of the sequences?

Reminder

The sentences to be processed are not represented by words but by vectors that are learned in the
embedding layer.

1st approach: one option would be to add to each embedding vector another vector whose
components all mark the position it occupies (absolute positioning).

0
e R Y2 [1.68, [1.3, [0.33,
sl [o| o201 o] oo |4 ten 0.96]
0 1 0
0 3 4

Figure 7.13. Absolute positioning

o o
o o

! Problem: if we have very long sequences, we would be adding a very large value to the last
vector.
2nd approach: a solution to the previous problem would be to divide each positional vector by
the number of words in the sentence, that is, to normalize the vectors.
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Figure 7.14. Normalization of the positional vectors

! Problem: what would happen if we have sequences of different lengths?
3rd approach: work only with 1s and 0s — binary encoding.

0 0 0
177, 0 [0:67, 0 n 68, 123, 0l %,
149] 029] ol %] 167] 0.96]
1
1

igure 7.15. Binary er ing
Figure 7.15. Binary encoding

This strategy is closer to the continuous nature of neural networks. In fact, these state changes
can be represented as waves oscillating at different frequencies:



0 1 0 1 0 1 0 1 0 1 0 sin(1/1 * pos)

sin(1/2 * pos)

o
o
-
=Y
o
o
-
-
o
o
-

o o o o |1 1 T 11 0 0o o o |[sin(1/4*pos)

Figure 7.16. Positional encoding with waves

Therefore, positional encoding can be computed with a single sinusoidal function. The formula
from the original paper is a bit more complex, but the intuition behind it is exactly the same:

(o5
PE(pOSa 2i) = st (100002i/dmodel >
- pos
PE(p5,2i11) = €08 (m)

This way, the Transformer can understand the order of the sequences passed as input (while still
processing everything in parallel).
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Figure 7.17. Sine and cosine waves of different frequencies encode the position
of each token
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7.2.2 Summary

ENCODED OUTPUT
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TEXT INPUT
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the player showed his

Figure 7.18. Processing up to the encoder output.

With this we already have a notion of the main components of the Transformer.

7.2.3 Learnable Positional Embeddings

In models such as BERT or GPT-2, the sinusoidal functions were replaced with learnable positional
embeddings. That is, each position has an embedding that, instead of being deterministic, is trained,

just like the word embeddings.

= Advantage: the model learns the best positional representation for its task.
= Disadvantage: it loses generalization to sequences longer than those seen during training.
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7.2.4 RoPE (Rotary Positional Embedding)

Both sinusoidal encoding and learnable positional embeddings share the same strategy: they compute
a position vector and add it to the word embedding before the sequence enters the Transformer.
However, attention isn't interested in the absolute position of each word, but in the relative distance
between the word asking (query) and the word being attended to (key). Adding a fixed position
vector forces the model to infer that distance indirectly, by comparing two absolute positions.

RoPE’! is a strategy adopted by more recent models, in which, instead of adding the position, it
encodes it as a rotation that is applied directly to the query and key vectors within each attention
layer — never to the input embedding, and never to the value vector.

The geometric idea

Rotating a 2D vector by an angle 6 around the origin doesn't change its length, only its orientation.
RoPE takes advantage of exactly this property: it takes the query (or key) vector of a word at position
m, splits it into pairs of components (x5, 5, 1), and rotates each pair by an angle proportional to

m:
wy; \ _ (cos(mb;) —sin(md,;) To;
This1 - sin(mf;)  cos(mb;) L2341
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WE ROTATE A PAIR OF COMPONENTS (X3;, X3is1)
AN ANGLE m®©; AROUND THE ORIGIN
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~ original vector

"""""""" O m=1 - angle = 6

rotated once
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LENGTH,

L ( ONLY ITS ORIENTATION)
J

-(:)- IN ROPE, EACH PAIR (Xz;, X2is1) OF THE QUERY OR KEY
%" IS ROTATED AN ANGLE PROPORTIONAL TO ITS POSITION m

Figure 7.19. RoPE encodes position by rotating the components of Query and
Key

Each pair of dimensions i rotates at a different frequency, 6, = 100002/ dmoder — the same
frequencies used by sinusoidal encoding. The first pairs (high frequency) rotate quickly and distinguish
nearby positions; the last ones (low frequency) rotate slowly and capture long-range relationships. A
vector of d,,,4.; dimensions is thus treated as d,,,,4.;/2 independent pairs, each rotating in its own
2D plane at its own speed. This process is applied equally to the query vector (with its position m)
and to the key vector (with its position n) of each token.

Why this encodes relative position

This is RoPE's key result. When computing attention, what matters is the dot product between
the rotated query at position m and the rotated key at position n. Calling R,, the rotation matrix
at position m, and taking advantage of the fact that rotations are orthogonal (R = R_,,):

(qu)T(Rnk) = qTR;l;LRTLk. = qTRn—m k

The result doesn't depend on m and n separately, but only on their difference n — m:
the relative distance between the two words. The absolute position disappears from the equation
and only the relationship between positions survives, which is exactly what attention needs to know.
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Pairs with the same relative distance (A) have the same angle between query and key.

Therefore, the attention (which depends on that nngle) is the same in both sentences.

Figure 7.20. The angular difference between RoPE vectors represents a relative
distance between positions

Advantages over the previous approaches

= Encodes relative relationships natively, without adding anything to the embedding or
learning a position table.

= Preserves the norm of the vectors: a rotation doesn't change the length of the vector, so it
doesn't distort the scale of the dot products the way adding a large position vector would.

= Generalizes better to longer sequences than those seen in training, because the mechanism
isn't tied to a fixed range of learned positions (although extending the context far beyond
training still requires additional adjustments, such as rescaling the frequencies — techniques like
NTK-aware scaling or YaRN).

= Adds no parameters: unlike learnable positional embeddings, the rotations are computed with
a fixed formula, not trained.

In summary, the flow that @ and K follow right before computing attention becomes: embedding
— linear projection to Q/K/V — rotate Q and K according to their position — dot
product.

7.2.5 Learning process

The original Transformer combines an encoder with an autoregressive decoder. In generation tasks,
that decoder is trained to predict the next token of a sequence from the previous tokens.
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Autoregressive model

An autoregressive model decomposes the probability of a full sequence as the product of conditional
probabilities, predicting each element from the previous ones:

T

p(21, 25, -, Tp) = Hp(xt | 1500y Tey)
t=1

The decoder is given the target sequence itself as input, and that same sequence shifted by one
position as output. This is what's known as teacher forcing: during training, at position ¢ the
model receives the real tokens x4, ..., x, as input (not the ones it would generate itself) and has to
predict the token x; .

TARGET SEQUENCE EXPECTED OUTPUT
(INPUT TO DECODER) (TARGETS AT EACH STEP)

" 2 3 4 5 6 ! 2 2 s = .
> e EEE | RS~ SR EEE
R

{ { y { ¢

N predict  predict  predict  predict  predict predict
M _ ] TEACHER FORCING | 42 A3 X4 X Xe %7
_________ e 7 (==[E0s])
R i S R ’4’
| At position t, the model receives the | s ——_—_
| real tokens X, -,X; (not its own :
! predictions) and predicts Xy 44 |
__________________ /
KEY (j)
s ™)
CAUSAL ATTENTION MASK L2 3 —# J6i 6 =
1 EXAMPLE: PREDICTING TOKEN AT POSITION 4 ( his )
Token at position i can only 2 1 2 3 4 5 6
attend to positions < i 5
(including itself). QUERY (i) 3 :D [ theJ [ﬁnyea [shnwuﬂ [ his J [curdsJ [E0S]
4 v v v 1 X X
D CANIATTENO 5 WE PREDICT THIS TOKEN
D CANNOT ATTEND (MASKED) 6 To predict “his” (position 4), the model can only attend
\ J to positions 1, 2, 3, 4. J

Figure 7.21. Teacher forcing shifts the target sequence to predict the next token

For this to work, two ingredients are needed:

Causal mask: the decoder's self-attention is masked so that the prediction of token ¢ + 1 cannot
”cheat” by looking at future tokens — each position can only attend to itself and the previous
ones.

Loss function: at each position, the predicted probability distribution over the vocabulary (the
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output of a final softmax layer) is compared with the real token using cross-entropy, and averaged
across the whole sequence.

Thanks to the combination of teacher forcing and the causal mask, all positions of the sequence
can be trained at once in a single forward pass — there is no need to wait for the model to predict
token ¢ in order to process t + 1.

Training + inference

Teacher forcing only exists during training, because that's when we know the full target sequence
in advance. During inference (generation) that ”future” doesn't exist yet: the model generates a
token, adds it to its own input sequence, and repeats the process autoregressively, one token at a
time. That's why training is parallelizable, but generating remains sequential.

This same idea, training by predicting the next token from the previous context, is the one that,
scaled up to massive amounts of unlabeled text, becomes the pretraining paradigm of foundational
language models — we'll see it in detail in the next chapter.

7.3 Extra: Vision Transformers

In ViTs °2, images are split into multiple sub-images (patches) that are passed to the Transformer
encoder as if they were a sequence.
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Figure 7.22. Vision Transformer splits an image into patches and processes
them as a sequence

Again, since this is a Transformer that processes everything in parallel and therefore doesn't know
the order of the data, it's necessary to provide it with that information.

Unlike text, where the order is sequential, in images the order between pixels matters, but it
isn't strictly sequential between patches. For this reason, applying the original positional encoding
doesn't make much sense. ViTs apply learnable Positional Embeddings to let the network learn the
most suitable positional encoding.

That is, it's given the image and its position:
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Figure 7.23. ViT adds learned positional embeddings to the sequence of patches

It isn't given the numbers 1, 2, 3... but rather each number is associated with a vector. These
vectors are parameters that the model learns during training — learnable embeddings.

In this case, only the encoder can be trained with one of the learning paradigms we'll see in the next
chapter. Once the model is pretrained, simple classifiers can be built on top of the representations
obtained.
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CHAPTER 8

Foundation Models

Chapter code: github.com/NahuelCostaCortez/generative-networks

In the previous chapter we saw how a Transformer can be trained autoregressively. Given a
sequence of tokens, the model learns to predict the next one. This is a form of self-supervised
learning. In this type of paradigm, if we train a sufficiently expressive model with a general task and
a broad collection of data, the representations it learns can be reused to solve problems that were
not explicitly defined during training.

This shift in perspective, from training a model for each task to pretraining a base that can
adapt to many tasks, is the origin of foundation models.
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https://github.com/NahuelCostaCortez/generative-networks/tree/main/pretraining
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Figure 8.1. Pretraining, adaptation, and use cycle of a foundation model

8.1 Self-supervised learning

Imagine we want to classify the opinion of a review as positive or negative. Traditionally, what was
done was to build a dataset of pairs (x,y), where x is the text and y is its label, and from there train

a model to approximate p(y | x).
Now imagine that instead of classifying positive/negative we want to assign one to five stars —
we would have to re-label all the data. Every problem would need new labels and, usually, a new

training process.
This strategy works but:
= Labels are expensive: they require annotators and consistent criteria.
= Knowledge stays fragmented: each model only learns what it needs to solve its own task.
= Reuse is limited: a change in the categories or the domain can force us to label data and train
again.

The problem is not supervised learning itself. Human labels are still essential. The problem is
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using large amounts of task-specific supervision to learn from scratch everything that each task
shares with the others.

Self-supervised learning has a history that predates modern training at scale, but the availability
of large collections of text, images, audio, and video accelerated its adoption. This does not mean
training happens without labels, but rather that the targets are obtained from the data itself instead
of being manually annotated.

The transition did not happen overnight, nor did it eliminate supervised learning. It was an
accumulation of ideas:

1. Task-specific models: one architecture and one labeled dataset for each task.

2. Transfer learning: reusing features learned on a large problem.

3. Self-supervised pretraining: learning most of the parameters with data that has no manual
annotations.

4. Pretraining at scale: jointly increasing the diversity of the data, the capacity of the model,
and the compute.

5. General-purpose adaptation: using fine-tuning, prompting, or in-context learning to address
many tasks from the same base.

In natural language processing, models like BERT®® showed that an encoder pretrained on
unlabeled text could be adapted with few modifications to numerous tasks. On the other hand, the
GPT family showed that scaling autoregressive decoders made it possible to reuse the same model
through examples or instructions written directly in the context.

8.1.1 What is a foundation model

The term foundation model was popularized to describe models trained on broad, large-scale data
that can adapt to a wide range of downstream tasks®®.

The word foundational does not imply that the model is finished or universal. It simply describes
an incomplete base on which later systems are built.

We can think of four ingredients:
1. Broad data: covering many concepts, contexts, or modalities.
2. General objective: not tied to a single label or application.

3. Scalable architecture: can absorb more data and capacity without being redesigned for each
task.

4. Adaptability: its representations or predictions can be reused in new problems.

Large, generative, and foundational are not synonyms

= A model can have many parameters and be specialized in a single task.

= A generative model may have been trained on a very narrow domain and not transfer well.
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= A foundation model can be generative, like an LLM, or be designed mainly to produce representa-
tions, like a visual encoder.

LLMs are, therefore, one type of foundation model, but there are also foundation models for vision,
audio, video, or multimodal systems.

Limitations of foundation models

= Large-scale pretraining requires a great deal of compute, energy, and financial resources.

= The provenance, quality, permissions, and representativeness of the data condition what the model
learns.

= The model's biases, errors, and vulnerabilities can be inherited by the applications built on top of
it.

8.1.2 Relevance of the Transformer

Self-supervised learning predates the Transformer and does not require this architecture. However,
the Transformer brought together several properties especially suited to pretraining at scale:

= Parallelization during training.
= Long-range dependencies via self-attention.

= It can adapt to different modalities: text tokens, image patches, audio fragments, multimodal
sequences...

= The same structure scales by increasing layers, dimensionality, data, and compute.

8.2 Encoders and decoders

The original Transformer®® used both: the encoder to build a contextual representation of the

input sequence, and the decoder to generate the output sequence. Modern variants can keep both
components or use only one of them.

8.2.1 Encoder-only

In an encoder, each token can normally attend to all the other tokens in the input. The representation
of a word can use both the preceding and the following words:

hy = fo(y, - 27)

This bidirectional visibility produces contextual representations that are very useful for:
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classification and regression

information extraction

= semantic search

segmentation or detection in images

building embeddings for other networks

BERT®® is a clear example of this.

8.2.2 Decoder-only

In a causal decoder, each position can only use itself and the previous positions:

hy = fo(wy, .. 2y)

This restriction allows the output to be interpreted as a distribution over the next token and to
generate a sequence step by step. It is the natural configuration for language models.

It is worth noting that a decoder is not limited to "writing text” — its internal states also contain
useful representations. However, its training and usage setup is especially aligned with open-ended
generation.

8.2.3 Encoder-decoder

The encoder processes a complete input and the decoder generates an output conditioned on it:

!

Y

ply | z) =[] p(: | yos, Enc(z))

t=1

This separation is natural when the input and the output play different roles, as in translation,
summarization, image captioning, or conversion between modalities.

8.2.4 Other compositions

Foundation models do not always fit into those three classic configurations. For example, CLIP®7
uses a dual encoder to process two modalities separately and project their representations into a
shared space, in this case images and text. Another example is JEPA, where a context encoder +
target encoder + predictor architecture can be used to predict a target representation.

8.3 Pre-training tasks

So far we have talked about self-supervised learning in general terms, but this only describes where
the supervision comes from. However, there are different paradigms. To compare them it is useful to
ask what information the model receives and what it must predict.
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Figure 8.2. Comparison of autoregressive, masked, contrastive, and predictive

objectives

8.3.1 Autoregressive learning

As we saw in the previous chapter, an autoregressive model factorizes the joint probability of a

sequence:

T

p(zy, ..., xp) = Hp<33t | zy)

t=1

Its usual loss function is the cross-entropy between the actual next element and the predicted

distribution:

T
Lar= _ZIngo(xt | 2¢)

t=1

Each position acts as a new target, and the objective coincides with the generation procedure,

which makes the causal decoder a direct generative model.
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8.3.2 Masked modeling

Another possibility is to hide or corrupt part of the input and ask the model to reconstruct it. If M
is the set of masked positions:

’Cmask: = Zlogpﬁ(l‘i | x\M)
ieM

In masked language modeling (MLM), the encoder observes the context on both sides of the
gap:

"The player [MASK] their cards” — “showed”.

BERT uses this objective to pretrain an encoder that can later be adapted to supervised tasks.

The same idea can be carried over to other modalities. In images, Masked Autoencoders
(MAE) are commonly used, which consist of removing a high proportion of patches, processing only
the visible ones with an encoder, and using a decoder to reconstruct the missing pixels®®. Once
pretraining is finished, the decoder is discarded and the encoder is kept as the foundation model.

Note

Masking only describes how an incomplete input is constructed, but it does not define what type of
architecture to use. BERT uses an encoder; BART?? and T5%* follow an encoder-decoder scheme,
and MAE uses an encoder with an auxiliary decoder.

8.3.3 Contrastive learning

Instead of reconstructing the data, the model can be taught which samples should have similar
representations.

We usually start from a sample z, from which two related views Z; and T, are generated. In
an image these might be two crops with color changes; in a multimodal system they might be a
photograph and its caption. They are then passed through an encoder that turns each view into an
embedding:

z; = 9o(Z;), Zj = 99(@)
A contrastive loss pulls the positive pair (z;, zj) together and pushes it apart from representations
corresponding to other samples. A common form is InfoNCE®?:

exp(sim(z;, 2j)/7)

¢ 5 Pz, 7)/7)

= —log

%

where 7 is a temperature and sim is usually cosine similarity.
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The encoder is taught which changes it should ignore and which relationships it should preserve.
SimCLR%Y, for example, treats two transformations of the same image as positive. CLIP aligns
corresponding images and texts to build a space shared across modalities.

1. TWO TRANSFORMED 2. SHARED ENCODER 3. EMBEDDING SPACE
VIEWS OF THE SAME IMAGE

EMBEDDINGS OF THE
SAME IMAGE ATTRACT
SHARED EACH OTHER.

ENCODER

EMBEDDINGS OF
DIFFERENT IMAGES
REPEL EACH OTHER.

SHARED ENCODER EMBEDDING === ATTRACTION =<~ REPULSION

(CROP / TRANSFORM) (SAME PARAMETERS) (POINT IN SPACE) (SAME IMAGE) (DIFFERENT IMAGES)

ORIGINAL IMAGE TRANSFORMED VIEW

Figure 8.3. Contrastive learning of two views of the same observation

The choice of views is crucial. If two transformations are considered equivalent, the model will
learn to be invariant to their differences. A poorly chosen transformation can eliminate precisely the
semantic property that makes two images have something in common.

Contrastive does not always mean self-supervised

Contrastive describes how representations are compared, not where the supervision comes from.
SimCLR is self-supervised because it automatically constructs the positive pair by applying two
transformations to the same unlabeled image. CLIP, in contrast, learns from image-text pairs
obtained from the web: it uses weak supervision, or supervision via natural language, since the
correspondence between the two modalities provides an external signal that already exists in the
data.
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8.3.4 Contrastive Predictive Coding (CPC)

CPC?° combines temporal prediction, latent representations, and contrastive learning.
First, an encoder transforms each observation into a representation z,. Then, an autoregressive
model summarizes the past into a context vector c,:

Zt = genc(xt)7 Ct = gar(2§t>
From c;, the model must identify the correct future representation z,,, among several negative
samples. It does not try to reconstruct anything, but instead retains the information that allows it
to distinguish the real future from plausible alternatives.
CPC occupies an interesting position among several families:
it is autoregressive because it summarizes the past to anticipate the future,
it is contrastive because it distinguishes positive targets from negative ones,

it is predictive in latent space because the target is a representation, not the full observation.
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Figure 8.4. Contrastive Predictive Coding applied to a sequence of
representations
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8.3.5 From observations to representations

Reconstructing high-dimensional data can be unnecessarily difficult. To complete an image, a model
might have to decide the exact texture of a wall or the position of every leaf on a tree. These are
details that are hard to predict and perhaps irrelevant if what we later want is to recognize objects
or understand a scene.

We can express the difference schematically:

context — missing datum

data space

context — target embedding

latent space

The second option allows the target to omit unpredictable details and retain more abstract
properties. This is the main motivation behind Joint-Embedding Predictive Architectures.

8.3.6 JEPA

Joint-Embedding Predictive Architectures (JEPA)®!' were put forward by Yann LeCun as
part of a broader proposal for building machines capable of learning internal models of the world.
We will first study JEPA as a pretraining method, and later connect these representations with
agents, planning, and world models.

JEPA is not a specific network, but a family of architectures and objectives. We usually talk
about three components:

1. A Context Encoder transforms the observed part x into a latent representation s,,.

2. A Target Encoder transforms another related view y into the target representation s,.
3. A Predictor uses s, and some information about the relationship between the two views to

estimate Sy-

Schematically:
Sw:fe(x)7 sy:fé(y>7

§y = p¢(sw7c)7 ’CJEPA = D(gyvsg(sy)) ’

where ¢ describes which target is to be predicted, D measures the distance between representations,
and sg indicates that the gradient does not update the target encoder.

During pretraining, both encoders observe related views of the same data. The Target Encoder
and the Predictor are auxiliary training components and can be discarded afterward. What is worth
keeping as the foundation model is the Context Encoder.
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Why is the Context Encoder the resulting foundation model?

The Predictor only serves as a loss mechanism during training to force the encoders to learn relevant
semantic representations. It is precisely the representations produced by the Context Encoder that
contain the general knowledge of the world.

On the other hand, in some formulations it is considered that the same situation could have
several compatible futures: the Predictor then receives an additional latent variable from which it
selects among different possible predictions. This is not universal to all JEPA (the example we will
see next, [[JEPA| is deterministic), but when it is present it can be worth keeping the Predictor as
well, to anticipate the evolution of the latent state. This issue is especially important in video and
robotics, where the future is not fully determined by the current observation.

Let's look at a more concrete example.

I-JEPA: learning from regions of an image
I-JEPA® (Image-based JEPA) brings this principle to visual learning. From the same image it
builds:

= a context block, made up of visible, spatially distributed patches,

= several target blocks, corresponding to regions that the context encoder cannot observe,

= a positional encoding for each target block.

The context encoder processes only the visible patches. The target encoder computes the

representations of the target blocks, and the predictor tries to recover them from the context and

their position. It does not reconstruct the original pixels, but instead predicts the embeddings that
the target encoder would have produced for those regions.
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The masking pattern matters. If the targets are too small, the model can solve the task using
local textures; if the context contains little information, the target becomes impossible to anticipate.
I-JEPA uses relatively large target blocks to favor semantic properties, and a distributed context
that provides enough information about the scene.

V-JEPA: From images to video

In V-JEPAS3, the related views come from a video and masking extends across space and time.
The model predicts the representations of hidden spatio-temporal regions from the visible video.
This forces the encoder to capture both appearance and motion, without reconstructing pixels, using

text, relying on negative examples, or starting from a pretrained image encoder.
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The collapse problem

During training there exists a useless solution that would nonetheless minimize the error: having
every input produce exactly the same embedding. In that case, the predictor would always be correct
without learning anything about the data:

flz)=c Vz

This is called complete collapse, but there is a subtler variant: the embeddings can be different
and yet concentrate almost all of their variability in a few dimensions. In this dimensional collapse,
the model wastes much of the latent space and produces poor representations for downstream tasks.

Joint embedding methods need to prevent these problems. Contrastive approaches do so by
pushing negative examples apart. Other methods use normalization, terms that enforce variance and
decorrelation, a slowly updated target encoder, or stop-gradient.

[-JEPA uses two related mechanisms:

= The gradient of the loss updates the context encoder and the predictor, but not the target encoder.

= The parameters of the target encoder follow an exponential moving average of the context
encoder's parameters. The target changes slowly and provides a more stable reference.

These mechanisms work, but they introduce design decisions: the speed of the moving average,
asymmetry between branches, the predictor, and the masking strategy. Much of the research on
joint embeddings has focused on finding recipes that avoid collapse without degrading the quality of
the representations. This is precisely the problem LeJEPA tries to address.

8.3.7 LeJEPA

LeJEPAS! (Latent-Euclidean JEPA) is a formulation proposed by Randall Balestriero and Yann
LeCun that attempts to replace those heuristic recipes with an explicit criterion for how the latent
space should be organized.

LeJEPA starts from two minimal requirements:

1. Predictability: representations of related views should be able to predict one another.

2. Non-degeneracy: embeddings must occupy the latent space in a way that is suitable for
downstream tasks.

The first requirement provides invariance: two related views of the same sample should preserve
the same semantic information. On its own, however, it allows all views and all samples to be
represented by the same single point. The second requirement must rule out both complete collapse
and dimensional collapse.

The authors analyze which distribution of embeddings would, under the assumptions of their
theoretical framework, reduce the expected risk across a broad family of downstream tasks. Their
result proposes an isotropic Gaussian as the objective.
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What is an isotropic Gaussian?

It is expressed as
z~ N(0,1)

The embeddings form a multidimensional Gaussian distribution, centered at zero, as we have already
seen several times in this course. Isotropic means that it has the same spread in every direction. Its
covariance matrix is the identity I, so every direction has unit variance and there is no dominant axis.

Geometrically, in two dimensions it would look like a circular cloud, not a narrow ellipse. If we
rotated the space, the distribution would keep the same shape.

This geometry prevents all points from coinciding, some dimensions from staying constant, or
information from concentrating in a small subspace. Requiring only zero mean and identity covariance
does not, however, control the whole shape of the distribution, since very different distributions can
share those two first properties.

SIGReg

Checking and directly regularizing a distribution with hundreds or thousands of dimensions would
be very costly. Sketched Isotropic Gaussian Regularization (SIGReg) reduces the problem
to multiple one-dimensional checks.

For each random unit direction a,,, the embedding is projected:

=a 2

If z follows an isotropic Gaussian, any projection w,, must follow a one-dimensional Gaussian
N(0,1). SIGReg samples several directions, compares the empirical distribution of those projections
with the target Gaussian, and resamples directions during training. This way it can detect a collapsed
direction without explicitly constructing or comparing high-dimensional densities.

The proposed implementation uses a test based on characteristic functions, related to the Epps—
Pulley statistic. This choice provides bounded gradients and a cost that grows linearly with the
number of samples, which makes it possible to apply the regularization to large embeddings and

models.

The LeJEPA loss

Let 2, , be the representation of view v of sample n. LeJEPA builds a center y,, from the V, global
views. For a given sample n, the following expression is the per-sample predictive loss:

Ve |4
1 m) _1 2
M = szn,v’ 'Cpred = T/ann,v_:u’n”2
g v=1 v=1
This simplified equation pulls together the views of the same sample. The full formulation averages
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that term over the B samples in the batch and applies SIGReg separately to each view, using the
embeddings from the whole batch:5°

1-A& ) A& 5
’CLeJEPA = B Z ’Cpred + T/Z SIGR‘eg({Zn,v}nzl)
n=1 v=1

The two terms exert complementary forces:

(n)

pred

= The average of £ pulls together the views of each sample and removes irrelevant variation.

= SIGReg organizes, for each view, the representations of the samples in the batch and prevents
them from ending up at the same point or subspace.

The only hyperparameter specific to the combination is A, which regulates the balance between
predictability and diversity.

GOAL: ISOTROPIC | [ (@) CONTROL: SKETCHED ISOTROPIC | [ @€)) TRAINING FORCES: Liogepn |
LATENT SPACE GAUSSIAN REGULARIZATION \

—
3.1 Lpred (Predictability)

view 1 E Zny
(patches) —’

o o

= ] —> O Pull related

2
9 (;I:t‘:hes) .D Zn,v; views tcgethﬂ.)
v
[ Liesepa = (1-2)Lpreq + Jt-Csu;Reg]

X € [0,1] controls the balance.
4

- i
3.2 'CSIGReg (Non-degeneration)

o @)
g F .
o g

Points occupy the space ‘_-(*0,0 ® | Distribute

o . - g SamP eS across
umform|y,d‘i*::'ti:: preferred Checks multiple 1D random projections PN _1, - O the space.

; to detect collapsed directions. o
j Sl ,
\ \ VR Y

Figure 8.6. Statistical regularization of the representation space in LeJEPA

What it simplifies

By preventing collapse through an explicit objective on the distribution, LeJEPA's recommended
recipe can use the same encoder for the different views and dispense with several usual components,
such as:

= negative examples and large sample queues
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teacher-student networks and their moving-average schedule

stop-gradient
= a predictor used solely to avoid collapse

= prototypes or special output dimensions

Another practical property is that the training loss reported by the authors correlates with the
quality of the representations as measured by linear probing. In many self-supervised methods a
lower loss does not necessarily imply a better encoder, which forces supervised evaluations to be run
during development. If this relationship holds in new domains, it would make it possible to select
models without relying on labels.

8.3.8 World models

We began the JEPA section by noting that these architectures were put forward as part of a proposal
for building machines capable of learning internal models of the world. This idea connects directly
with world models.

A world model is a learned model of the dynamics of an environment: given a representation of
its current state, it predicts how it may evolve. If there is an agent acting on the environment, the
prediction must also depend on the action it takes.

World model

An internal model that approximates the transitions/changes of the environment. It allows the
consequences of an action to be anticipated without executing it in the real world.

In simplified form, it contains two pieces:

1. A state encoder transforms the observation x, (or the recent history) into a latent state z,.

2. A transition model predicts the next state from the current one and the action a,:

Rt = Ee(xgt)a 2t+1 = Fqﬁ(ztv a;)

Depending on the application, the world model can also predict rewards, events, or a distribution
over future states instead of a single state.

What JEPA contributes

A world model needs a state space that retains what determines the evolution of the environment.
Foundation models obtained via JEPA provide precisely a starting point for building it.

However, a pretrained encoder is not yet a world model. Learning dynamics requires temporally
ordered data and a transition predictor. Actions are needed when we want a model conditioned on
an agent's intervention and want to use it for control.

This relationship can be summarized as follows:
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E, + Fy(z,a,) = latent world model
N —— —

N - N
JEPA foundation model  environment dynamics internal simulator

Simulation and planning

Once learned, the world model can be used as a latent simulator. If we have a target state Zgy WE
can:

Encode the current observation as z; and the goal as z,,.

Propose several action sequences.

Roll out their consequences in latent space via F.
Measure which predicted final state ends up closest to z,.
Execute the best action and plan again with the new observation.

ANl o

The system only simulates the latent variables needed to compare their consequences. This can
be much more efficient than generating full observations, and it avoids spending capacity on details
that are irrelevant to the decision.

In a robotic arm, for example, 2, can encode the position of a cup and of the arm, the opening
of the gripper, spatial relationships, and possible contacts. The world model allows the gripper's
movements to be rehearsed before being executed physically. It can also be used as a simulator to
train policies, generate hypothetical trajectories, or assess whether an action could cause a collision.

V-JEPA 290 is an example of this transition. After visual pretraining, its V-JEPA 2-AC variant
incorporates robotic trajectories with actions to learn the dynamics F,(z;,a,). The predictor is then
used to plan reaching, grasping, and placing tasks from a visual goal.

Note

The world model is not a complete agent. It needs a goal, a mechanism for proposing actions, a
function for comparing them, and a planning procedure. Uncertainty does not disappear either just
because we work with embeddings. If several semantically distinct futures exist, the model must
represent multiple hypotheses or use latent variables.
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Figure 8.7. World model predicting future states in the representation space
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8.4 Comparison

What is hidden

How it avoids a

Paradigm or related Target Target space trivial solution  Architecture
Autoregressive ~ The future Next element Data Must explain Decoder
the actual
token
Masked Parts of the Hidden tokens Observation Must Encoder or
modeling input or pixels space reconstruct the  encoder-
actual content decoder
Contrastive Two related Correct pair Latent Negatives or Encoder
views batch
distribution
CPC Future of the Correct future Latent Contrastive Predictive
sequence representation negatives encoder
JEPA Missing or Target Latent Teacher, Encoder
future region representation stop-gradient,
or other
mechanisms
LeJEPA Context and Representation  Latent SIGReg Encoder
target views + regularized
geometry

*Note that this table does not describe fully mutually exclusive categories.

8.5 Downstream tasks

The result of self-supervised learning is not an assistant, a classifier, or a search system. It is a base
on which to build a useful system. For that, there are different options:

8.5.1 Linear probing

The encoder is frozen and a linear layer is trained on its representations with a labeled dataset.
It is a common way to measure how much accessible information the embedding contains without
modifying the pretrained model.

8.5.2 Fine-tuning

Training continues on all or part of the parameters using examples from the final task. It usually
provides more adaptation capacity, but requires storing and updating a large model.
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8.5.3 Efficient adaptation

Methods like LoRAS" update a reduced number of parameters and keep most of the base model
frozen. We will cover them in the next chapter.

8.5.4 Prompting and in-context learning

In a generative model, the input itself can describe the task and include examples. The model adapts
its behavior through the context without its parameters changing:

Classify the review as positive or negative. Review: “The story is slow, but the characters are
wonderful.”

This mechanism reduces the need to create a different output head for each task: many applications
can be expressed through a common text or token interface.

8.5.5 Post-training and alignment

LLMs pretrained solely to predict the next token do not automatically behave like assistants. After
pretraining, instruction data, demonstrations, and preferences are used to improve their ability to
follow requests.

This is where techniques such as the following come in:

® Supervised fine-tuning (SFT) on instruction-response pairs.
= RLHF% which uses human preferences to train a reward signal and optimize the model.
» Direct preference optimization methods, such as DPQ%.
These techniques belong to post-training. They are not self-supervised paradigms comparable

to MLM, CPC, or JEPA, because they use additional supervision to modify the behavior of an
already pretrained base.
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Figure 8.8. Life cycle of a foundation model from pretraining to deployment
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CHAPTER 9

Efficiency and cost reduction

Chapter code: github.com/NahuelCostaCortez/generative-networks

Today's generative models can contain billions of parameters. Training, adapting, and serving
them requires memory to store their weights and activations, and computing power to carry out the
operations.

There is no single way to reduce this cost. In this chapter we will look at three complementary
strategies:

1. Distillation: training a smaller model to reproduce the behavior of a more capable one.
2. Quantization: representing weights and, in some cases, activations with fewer bits.

3. LoRA: adapting a pretrained model by updating only a small number of parameters.
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9.1 Knowledge distillation

Tacher

" LLJ ’ Y soft labels
— Pt

~ | - ¥

distilled
knowledge

Traihing data

hard labels

,

to be trained

AR T e

Figure 9.1. A teacher model transfers knowledge to a smaller student model

Knowledge distillation™ is a compression technique in which a large model, the teacher,
supervises the training of a smaller model, the student.

The goal is to approximate the function the teacher has learned. If the transfer works, the student
retains a significant part of its quality but with less memory, lower latency, and a lower inference cost.
This approach is useful for producing lightweight models that can be deployed on mobile devices,
edge devices, or services with heavy request volumes.

9.1.1 Hard labels and soft targets

In a conventional classification problem, a hard label indicates only the correct class. For an image
of a cat, for example, the target vector might be:

y=1[1,0,0]
for the classes cat, leopard, and dog. The teacher, on the other hand, can produce a distribution

such as [0.80,0.15,0.05]. These probabilities contain additional information: they show that, for the
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teacher, a cat is more similar to a leopard than to a dog. These relationships between classes are
usually referred to as dark knowledge.

Soft targets are obtained by applying softmaz to the logits (the model's unnormalized outputs)
with a temperature 7:

() _ _exp(z/7)
P S e(z/7)

When 7 = 1, the usual softmaz is obtained. A higher temperature flattens the distribution and
makes small probabilities visible, better exposing the similarities learned by the teacher.

What does the student learn?

The hard label only tells you which is the correct answer. The teacher's distribution also communicates
how it distributes its uncertainty across different alternatives. The student learns to imitate that
output behavior, not necessarily the internal mechanism or the exact reasoning of the teacher.

9.1.2 Loss function

Let p(TT ) and pgﬂ be the smoothed distributions of the teacher and the student. A common formulation
combines two objectives:

Liotar = @7 Dyer, (0 |9§)) + (1— @) CE(y, p )

1. The distillation loss forces the student to approximate the teacher's distribution. It can be
expressed using Kullback-Leibler divergence or cross-entropy.

2. The supervised loss compares the student's prediction with the true label y.
The hyperparameter « controls the relative weight of both terms. The factor 72 compensates for
the change in gradient scale produced by the temperature. It is not always essential to have human

labels: unlabeled data or synthetic examples can also be used, training solely with the teacher's
supervision.

9.1.3 Distillation in generative models
In an LLM, knowledge can be distilled at different levels:

= Logits: the student approximates the probability distribution over the next token. This approach
requires being able to query the teacher's outputs and properly align vocabularies.

= Sequences: the teacher generates responses that become training data for the student. This is
especially practical when only generated text is accessible.

= Intermediate representations: besides the output, hidden states or attention maps are aligned
when the architectures allow it.
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() DeepSeek-R1-Distill-Llama-8B-GGUF Q44 4, 2980

Imstudio-community 278 days ago
() DeepSeek-R1-Distill-Qwen-7B-GGUF 88 & 6929
Imstudio-community 278 days ago

Figure 9.2. Family of small models distilled from DeepSeek-R1 responses

This is an example of sequence-level distillation: DeepSeek-R1 generates and filters solutions, and
smaller models based on Qwen and Llama learn from those samples. They are not directly copying
its logits.

Distillation has an upfront cost, the teacher must be run and the student must be trained, and
it can transmit its errors or biases. Its usefulness depends on the accumulated savings during
deployment offsetting that cost, and on the loss of quality being acceptable.

9.2 Quantization

Quantization is a technique for reducing computational and memory costs during inference by
representing weights and activations with low-precision data types, such as 8-bit integers (int8)
instead of the usual floating-point float32 or float16.

Reducing the number of bits means that the resulting model requires less storage in memory,
consumes less energy, and operations such as matrix multiplication can be performed much faster.
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2.7

Quantization

0.68 | 143 81

FP32 INT8

Figure 9.3. Continuous values grouped into a finite number of quantization
levels

The most widely used standard method is uniform affine quantization, which maps real values
onto a grid of integers through a linear transformation:

= Affine (asymmetric): allows the real value 0.0 to be aligned with an arbitrary integer z, (zero
point), which avoids distortions when the data is not symmetrically centered around zero (as
happens after ReLU-type activations).

= Uniform: the distance between two consecutive integers always represents the same fixed interval
in the real-valued space (the scale factor s).

Mapping a real value x to an integer ¢ is done as follows:

. x
q = clip (round(g) + 20, Qmin> qmax)

During inference, an approximation of Z is reconstructed:

z=s(q—2)

9.2.1 Example - INT8 (range [0, 255])

Suppose the weights of a layer range between z,;, = —1.0 and z,,,,,, = 3.0:
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. — Tmax"Tmin 3'07<71'0) ~
1. Scale (s): s = e = S ~ 0.0157

2. Zero point (z): z, = round (—min) = round (547 ) = 64

3. Quantize a value (x = 1.2):

p— 1.
q = clip (round ( 00157

) + 64, 0, 255) = clip(76 + 64, 0, 255) = 140

4. Reconstruct (Z):
Z=0.0157 - (140 — 64) = 1.1932

The discrepancy between 1.2 and 1.1932 is the quantization error, generated by the rounding
operation. To reduce this margin of error, the granularity at which s and z, are computed is adjusted:

m Per tensor: all values in a layer share a single pair (s,z,). It is very memory-efficient, but
vulnerable to outliers.
= Per channel: each output channel has its own scale, balancing precision and computational cost.

= Per group: weights are divided into small blocks (e.g. 32 to 128 elements) with an independent
scale, a technique fundamental to 4-bit LLMs (such as AWQ or GPTQ).

9.2.2 Which part of the model gets quantized?
1. Weights only (weight-only): considerably reduces memory and is common in LLMs. Activations
are kept at higher precision.

2. Weights and activations: can speed up computation further, but activations are harder to
quantize because they change with each input and can contain outliers.

3. KV cache: in autoregressive models with long contexts, quantizing the cache reduces the
memory that grows with the number of tokens processed.

The theoretical storage savings are easy to estimate. For example, for a 7B model:

Weight format Approximate memory
float32 (32 bits) 28 GB
float16 / bfloat16 (16 bits) 14 GB
int8 (8 bits) 7GB
4 bits 3.5 GB

Accumulation data type

The storage format does not have to match the format used to accumulate results. In a matrix
multiplication, many products are summed; even if each operand is int8, the accumulator is usually
int32 to avoid overflow. Similarly, many computations with float16 or bfloat16 accumulate in
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float32.

The exact detail depends on the operator and the hardware. That is why the nominal weight format
alone is not enough to infer the internal precision or the final speed.

9.2.3 PTQ and QAT

There are two main points at which quantization can be introduced:

® Post-Training Quantization (PTQ): an already trained model is quantized. It is fast and
may only require a small calibration set to estimate scales. Methods such as GPTQ" correct
part of the error when quantizing LLMs weight by weight or block by block.

= Quantization-Aware Training (QAT): quantization operations are simulated during training
so the model learns to tolerate the error’?. It tends to better preserve quality at aggressive
precisions, but it requires retraining.

Quantizing always introduces a trade-off between size, speed, and quality. Layers do not
all have the same sensitivity, and it is sometimes worth keeping some of them at higher precision.
Moreover, a model that is four times smaller will not necessarily be four times faster: latency can
be dominated by sequential generation, data transfer, or the lack of native support for the chosen
format.

9.3 Low-Rank Adaptation (LoRA)

When training large generative models, adjusting all the parameters can be very costly, especially
when the only goal is to adapt the model to a specific task.
In full fine-tuning, every weight matrix W, must have all of its parameters updated:
%%

u

pdated — WO + AW

If W, € Rdeu*dintraining AW requires up to d, . d;, parameters.

Low-Rank Adaptation (LoRA)% is an efficient fine-tuning method, or PEFT (Parameter-
Efficient Fine-Tuning), that seeks to reduce this burden using a technique called low-rank decompo-
sition.

The central idea is to freeze the original weight matrix Wy (some or all of the model's matrices)
and, instead, decompose the update AW into the product of two smaller matrices:

AW =2BA,  AeR™hw,  BeRbwx"
T

where « is a hyperparameter that scales the contribution of the low-rank update (often set relative
to r, hence the ratio /7).

This way, instead of training d, . d;, values, only r(d;, +d,,.) need to be trained. This significantly
reduces the number of parameters that need to be adjusted, making the process more efficient.
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WEIGHT UPDATE IN REGULAR FINETUNING WEIGHT UPDATE IN LoRA

Matrices A and B
approximate the
weight update
matrix AW

PRETRAINED
WEIGHTS
Wi

PRETRAINED

WEIGHTS
by,

The inner
dimension r

isa
hyperparameter

Figure 9.4. LoRA represents the update to a weight matrix using two low-rank
matrices

Note

A and B do not represent the entire matrix W, only the change or update needed for the new task:
AW.

Large models are generally overparameterized. Even though W, has enormous dimensions, the
changes needed to learn a specific task live in a very low-dimensional subspace.

Example. Suppose we want to adapt a square weight matrix W, of size 4096 x 4096 (a typical
LLM layer), with 16 777 216 parameters. Full fine-tuning of that matrix would update the 16.8 M
parameters. With r = 8, LoRA trains:

8(4096 + 4096) = 65 536
This represents approximately 0.39% of that matrix's parameters.

There is a trade-off in choosing the rank. A rank that is too small may fail to capture the target
task well. A very large rank improves capacity, but also increases cost and the risk of overfitting.

LoRA does not compress the base model
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LoRA reduces the trainable parameters, but running the model still requires loading the weights of

W,.

In general, there are two options:

= Merge the weights: compute the product AW = < BA and add it directly to the original matrix:
Wenal = Wy + AW. The model is saved with Wy, ,; as a single standard file. This eliminates any
latency or compute overhead at inference, but modularity is lost.

= Keep the adapter decoupled: only the file with the weights A and B is saved. At inference, the
base model W, is loaded into memory and the input travels through two paths in parallel. On one
hand, the base path, where hy,.. = Wz is computed, and on the other, the LoRA path, where the
adjustment is computed as B - (A - z). Both paths are then summed to obtain the final response.

To reduce memory usage during inference, LoRA can be combined with quantization. A popular
combination is QLoRA™: it keeps the base model frozen and quantized, for example to 4 bits, and
propagates the gradient through higher-precision LoRA adapters. This reduces both the memory of
the base model and the memory associated with training.

9.3.1 Contributions

= Efficiency: allows models to be adapted without an exhaustive retraining, saving time and

computational resources.

= Simplicity: for each task, only an adapter needs to be saved instead of a full copy of the model.

9.4 How to choose a technique

Main goal Technique What is reduced Main trade-off

Create a small model to  Distillation Parameters and Training a student and

serve many times inference compute accepting some loss of
quality

Adapt a model on a LoRA Trainable parameters The base model is still

tight budget and optimizer states required

Load or run a model Quantization Bits per weight and, Numerical error and

with less memory optionally, per activation dependence on hardware

Adapt a model that QLoRA Base model memory and More complex training

barely fits in memory

fine-tuning memory

and quantization
operations

These techniques can be chained together. For example, one can distill a large model, adapt the
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student with LoRA, and quantize the result for deployment.
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